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Abstract 

We prove the global triangulation conjecture that a family of refined p-adic representations 
admits a global triangulation in a scheme-theoretically dense subset of the base which contains 
all regular noncritical points. We also prove that any p-adic representation appeared in refined 
families is trianguline. 
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Introduction 

In [18], Kisin proved the Fontaine-Mazur conjecture for Galois representations attached to finite 
slope, overconvergent p-adic cuspidal eigenforms. The most significant part of his proof is showing 
that these representations satisfy the property that their restrictions on a decomposition group of 
p have nonzero crystalline periods on which Frobenius acts by the C/p-eigenvalues. Furthermore, he 
conjectured that this property characterizes the Galois representations coming from overconvergent 
p-adic modular forms. This seminal result inspired some important subsequent developments. In p- 
adic Hodge theory, Colmez then introduced the notion of trianguline representations reformulating 
this property in the framework of {ip, r)-modules over the Robba ring [lOj; it plays a key role in his 
construction of the p-adic local Langlands correspondence for GL2(Qp). In the direction of Bloch- 
Kato conjecture, Bellaiche-Chenevier [2] and Skinner-Urban [22] applied some (different) variants 
of Kisin's result to construct elements of Selmer groups by deforming certain p-adic representations 
on eigenvarieties. More recently, as an application of his proof of the local- global compatibility of 
p-adic Langlands for GL2 [H], Emerton confirmed the aforementioned conjecture of Kisin (in most 
cases). Nowadays, it is widely assumed that the condition of being trianguline at p characterizes 
the Galois representations coming from overconvergent p-adic automorphic forms. In addition, for 
an arithmetic family of p-adic representations arising on eigenvarieties, it is conjectured that the 
triangulation varies analytically, i.e. there exists a global triangulation, in a scheme-theoretically 
dense subset of the base which contains all noncritical points. 

The main object of this paper is the so called refined families of p-adic representations. This 
notion was first introduced by Bellaiche-Chenevier in |2j to encodes the properties of the families of 
Galois representations arising on eigenvarieties. In this paper, the refined families are assumed to be 
arithmetic families of p-adic representations, not just pseudocharacters as in Bellaiche-Chenevier 's 
definition. The goal of this paper is then to prove the global triangulation conjecture for such 
refined families under some mild condition. Namely, we will show that a family of refined p- 
adic representations admits a global triangulation in a scheme-theoretically dense subset of the 
base which contains all regular noncritical points. We also prove that any p-adic representation 
appeared in refined families is trianguline. 

The proof consists of two major steps. The first step is to give a new construction of Kisin's 
finite slope subspace which avoids using the y-smallness condition in Kisin's original work. To 
do so, we thoroughly use the frame work of (99, r)-modules. In fact, we impose the ((/j, r)-module 
analogue of Kisin's original conditions (except the y-smallness) to cut out the finite slope subspace. 
With the help of localization maps, we reduce the whole construction to the problem of solving a 
certain Frobenius equation. The technique heart is to use a relative version of Kedlaya's extended 
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Robba ring, which is introduced by the author in [20j . to solve this Frobenius equation. As a 
consequence of the construction, we obtain a crucial isomorphism linking the crystalline periods 
(with the prescribed Frobenius eigenvalue) of the family and the F-invariants of the associated 
module through the functor D'^-^^/t^ when k is bigger than the valuation of the Frobenius eigenvalue. 
Using this isomorphism, a formalism of triangulation locus for families of p-adic representations 
and Bellaiche-Chenevier's result on the crystalline periods of infinitesimal deformations [2^, Theorem 
3.3.3], we are able to conclude our main results. This constitutes the second step. 

It is worth to point out that with the use of localization maps and the extended Robba ring 
it provides a new technique to interpolate crystalline periods on eigenfamilies of p-adic representa- 
tions. We note that there is now an emerging demand to interpolate crystalline periods on certain 
eigenfamilies of p-adic representations which have more than one constant Hodge- Tate weights 
(e.g. the finite slope families in [22]). We hope that our technique will shed light on this interesting 
problem. 

In the following we will explain the main results of the paper and the idea of proofs in more 
details. 

0.1 Finite slope subspace 

Let X be a separated rigid analytic space over Qp, and let Vx be a family of p-adic representations 
of over X of rank d. Suppose that the Sen's polynomial for Vx is TQ{T) for some Q{T) G 
0{X)[r]. Let Q G 0{X)^ . Inspired by Kisin's original construction, we define finite slope subspaces 
of X as follows. 

Definition 0.1.1. For such a triple (X, a, Vx), we call a Zariski closed subspace Xfg a finite slope 
subspace of X with respect to the pair (a, Vx) if it satisfies the following conditions. 

(1) For every integer j < 0, the subspace (Xjs)Q(j) is scheme-theoretically dense in Xfs- 

(2) For any affinoid algebra R over Qp and morphism g : M (R) — > X which factors through XQ(^j^ 
for every integer j < 0, the morphism g factors through Xfs if and only if the map 

(Dj.g(y^))^=^'*(")'r=i ^ (D+f (F^))^ (0.1.1.1) 

is an isomorphism for all n sufficiently large (hence for all n > n{Vii)). 

It is not difficult to see that our finite slope subspace (if it exists) coincides with Kisin's because it 
suffices to test only Qp-artinian algebras R in Definition 10.1.1( 2). and we have Berger and Fontaine's 
comparison results in this case (see Remark 13.3.51 for more details) . Note that we do not require 
that g is a-small. 

The idea for the finite slope subspace is to cut out the maximal Zariski closed subspace Xfg, 
where Q{j) is not identically on any component for any j < 0, X such that for any admissible 
affinoid subdomain M{S) of X, the natural maps 

(Djig(^x|M(5)nx,J)^="'^=' ^ (D+f (Fx|M(5)nx,J/(t'))^ (0-1.1.2) 
are isomorphisms for all sufficiently large k. Note that if a G (L)Jjg(Vs'))'^^'^, its image by the map 

in-. Dj.'^"(V5)^D+.f(V5)/(i') 
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already determines its image by im for any m, that is im{o) = a" ^in{(^)- Furthermore, the product 

of inS 

is surjective and has kernel t'^DV"(V5). It then follows that for any element of {Vs) / {t^)Y ■, 

ah its possible lifts to {X^\-^{Vs)y=''^^=^ are of the ioxm. a + t^\^\Q [Vs) for some a G X)\Q{Vs). It 
then reduces to solve the Frobenius equation 

</?(a + t^h) = a{a + t^h) 

in Dj-g"(l/s). For this, our strategy is to analyze this equation in the base change of Ti^^Q'iys) to 
the extended Robba ring. It turns out that when k is bigger than the valuation of a in 5, this 
equation admits at most one solution, and the locus of M{S) where the equation admits a solution 
forms a Zariski closed subspace. This proves: 

Theorem 0.1.2. (Theorem \3.3. 1]) The rigid analytic space X has a unique finite slope subspace. 

More important, we have that if k is bigger than the valuation of q, then (I0.1.1.2p is an 
isomorphism. This result is crucial for later application on refined families. 

Theorem 0.1.3. (Theorem \3. 3.3\) Let M{S) be an affinoid subdomain of Xjg. Then for any 
n > n{Vs) and k > logp \a~^\ where the norm is taken in S, the natural map of sheaves 

is an isomorphism. As a consequence, we have that (^j'ig(Vx^.^))'^^"''"^^ is a coherent sheaf on Xfg. 

Here and ^<^f" are sheafifications of the functors Djjg and D^j'" respectively. For general g 
in Definition 10.1.1 ( 2) . we have the following result. 

Theorem 0.1.4. ( Theorem \3. 3. 4^ For any affinoid algebra R over Qp and morphism g : M{R) — )• 
Xfs which factors through XQ(^j^ for every integer j < 0, the natural map 

is an isomorphism for all sufficiently large k. As a consequence, we have that {^l^giVji))'^^^' ^"'^'^^^ 
is a coherent sheaf. 

0.2 Triangulation locus 

Applying the above results to the wedge products of refined families, we are able to produce coherent 
sheaves of crystalline periods. To show that these periods give rise to a global triangulation, we 
propose the formalism of triangulation locus for families of p-adic representations as follows. Let Vx 
be a family of p-adic representations of Gq^ over X of rank d. For 1 < i < d, let Aj : Qp — ?> 0{X)^ 
be a continuous character, and let Mj be a locally free coherent Ox-module of rank 1 contained in 
(^tg(AVx))^\ We further suppose that each Mj generates a saturated rank 1 (99, r)-submodule 

in A*Djjg(Kc) for any x G X. We call the set of a; G X at which the images of Mi, . . . , give rise 

to a triangulation of dJ- the triangulation locus of Vx with respect to (Mi, . . . ,Md). 
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To cut out the triangulation locus, we view the associated family of (99, r)-modules as a family 
of vector bundles over the base. For general bases, it may not be easy to deal with vector bundles 
over an open annulus. We avoid this difficulty by restricting the family on a closed annulus Vp{T) G 
[r/p,r] for some sufficiently small r, and then use a "linear algebra" argument to cut out the 
triangulation locus, which turns out to be a Zariski closed subspace of the base. We then use the 
Frobenius to extend the triangulation over the close annulus to a triangulation of the original family 
of (if, r)-modules. In summary, we prove the following: 



Theorem 0.2.1. (Theorem \4.2.8 ) The triangulation locus of Vx with respect to (Mi,...,Mrf) 



is a Zariski closed subset of X. Furthermore, the coherent sheaves Mi,...,Ma give rise to a 
global triangulation of &^^^{Vx) on the triangulation locus. That is, for any affinoid subdomain 

M{S) of the triangulation locus, these Mi 's give rise to a triangulation ofDl^^iVs) with parameters 
(A,/A,_i)i<i<d. 

0.3 Refined famifies 

Now let Vx be a family of refined p-adic representations with a Zariski dense subset of crystalline 
points Z, Hodge- Tate weights ni, . . . ,Kd and analytic functions Fi, . . . , Fd on X such that ki{z) < 
■■■ < Kd{z) and the crystalline Frobenius eigenvalues of Vz are p'^^^'^^ Fi{z), . . . ,p'^''^^^ Fd{z) for 
any z (z Z. Furthermore, suppose that for each 1 < i < d, there exists a continuous character 
Xi ■ — > 0{X)^ whose derivative at 1 is the map Ki and whose evaluation at any z G Z is the 
elevation to the Ki{z)-th power. Let Oi = Y\j=i Vi = 11}=! Xi) aiid let Aj : Qp — )• 0{X)^ be 

the character defined as Aj(p) = ai and Ai|r = rji. By Theorem 10.1.31 we get that (^Jjg(A*Vx))^* 
is a coherent sheaf on X. We then define the saturated locus for Vx as the set of x € X such 
that each (^Jjg(A*Vx))^' is locally free of rank 1 around x, and its image in A*Djjg(14) generates a 
saturated rank 1 (ip, r)-submodule. Using Theorem 10 . 1 . 3 1 and the aforementioned result of Bellaiche- 
Chenevier, we show that the saturated locus for Vx is a scheme-theoretically dense subset Xg of 
X containing all regular noncritical points (Proposition 15.2^ . Furthermore, it is easy to see that 
regular noncritical points belong to the triangulation locus of Vx^- Since these points forms a 
Zariski dense subset of X, by Theorem 10.2. H we get the following: 

Theorem 0.3.1. (Theorem \ 5. 2. 1 Oj) The subset of saturated points Xg is scheme-theoretically dense 
in X and contains all regular noncritical points. Furthermore, the triangulation locus for Vxs with 
respect to 

((^Jig(yx))^^ Ix., . . . , {&l^{^'Vx))^^\x.) 

is Xg itself. As a consequence, the coherent sheaves (^Jjg(Vx))^i , . . . , (^Jig(A'^Vx))^'* give rise to 
a triangulation of &^^^{Vx) with parameters (Aj/Aj_i)i<j<^ on any affinoid subdomain of Xg. 

Using a blow-up technique, we also prove: 

Theorem 0.3.2. (Theorem \5.3. 1\) For any x & X, the p-adic representation Vx is trianguline. 

We note that Eugen Hellmann |13j has obtained results similar to our Theorems 10.3.11 and 10.3.2] 
using a very different method. 

In the case when X = Cis the Coleman-Mazur eigencurve associated to an absolutely irreducible 
residue representation of Gq of tame level 1, we also determine the local behavior at critical points. 
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Theorem 0.3.3. (Theorem \5.4-3^ Let z be a classical point of weight k > 2 such that -Dcrys(Vz) 
has different Frobenius eigenvalues. Then the coherent sheaf (^j!jg(Vc))'^^"'^^^ is locally free of 
rank 1 around z. Furthermore, if z is noncritical, then it is saturated. If z is critical, suppose that 
Vz = yi® V2 where Vi and V2 are characters with Hodge- Tate weights and k — 1 respectively, then 
the image of {&l^{Vc))'^=°''^=^ (where a is the Up-eigenvalue) in bI.^{V^) = ^l-^iVi) ® bI.^{V2) is 

{0,k{z) ■t'^~^e2) where 62 is a canonical basis of the rank 1 {ip,T)-module Djig(V2). 
0.4 Structure of the paper 

In section 1 we will do some preparation on r)-modules. In [5], although Berger-Colmez con- 
struct the object D^{Vs) with (^9, F-actions, they do not quite prove that it is a ((^, r)-module. 
Namely they do not verify that D'f(T/5') is isomorphic to if* (D"^ (Vs)) . We will fill this gap in §1.1. 
In section 2 we will introduce the relative extended Robba ring. The main result of this section 
is Lemma l2.2.1i Section 3 is devoted to the construction of finite slope subspace. We will prove 
Theorems 10.1 .2110.1. 31 and lO. 1.41 in §3.3. In section 4 we will introduce the formalism of triangulation 
locus of families of p-adic representations and prove Theorem 10.2.11 We conclude our main results 
in section 5. We will prove Theorems 10.3. H 10.3.21 and 10.3.31 in §5.2, §5.3 and §5.4 respectively. 
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Notation and conventions 

Let p be a prime number. For any r > 0, put p(r) = We choose a compatible sequence 

of p-powers roots of unity {en)n>o, i-e. each e„ G Qp is a primitive p"-th roots of 1, and they 
satisfy e^+i ~ n > 0. We fix e = (eo, ei, • • • ) to be Fontaine's p-adic Ini. For any finite 

extension K of Qp, let Kn = K[en) for n G N, and let K^o = Un&^Kn- Let Hk = G&\{K / Koo)., 
and let F^^ = Ga\.{Koo/ K)- We denote Fq^ by F for simplicity. Let x denote the p-adic cyclotomic 
character. All affinoid algebras are over Qp and equipped with the spectral norm. 

1 Preliminaries 

1.1 The ((/?, r)-module functor 

Let S be an affinoid algebra over Qp. In this subsection, we will review Berger-Colmez's (99, F)- 
module functor for finite free S'-linear representations of Gk- Especially we will prove that the 
module they construct is really a ((/?, F)-module in the sense that it is isomorphic to its (/7-pullback. 
We will follow the notation of For more details about the construction of this functor, we 
refer the reader to [5] and [17]. For n G Z, let A]^^^ denote the subring (/3~"(A|^^ of A^j^ ■ The 
following proposition slightly refines [5^ Proposition 4.2.8]. 
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Proposition 1.1.1. Let Ts be a free Os -linear representation of Gk of rank d. Then for any s > 0, 
there exists a positive integer k = k{s) such that if L is a finite Galois extension of K such that Gl 
acts trivially on Ts/p^Ts, then there exists an integer n{L) > 0, which is independent of s, such 
that for any n > n{L), Ts^Os i-^^'^^Zp^s) has a unique sub-A^£^^0ZpOs-niodule D^£^^{Ts) which 
is free of rank d, is fixed by Hi and stable under Gk, has a basis which is almost invariant under 
Tl (i.e., for each 7 € F^, the matrix of the action of j — 1 on the basis has positive valuation), and 
satisfies 

Proof. We follow the proof of O Proposition 4.2.8]. Let r = p{s). The only point is that the 
ring A = A^^'^'l satisfies the Tate-Sen conditions (see |P, Definition 3.1.3] for the definition) with 

A^i = Af'^'l, A//^,n = v3-"(Ai°'^"''l),i?Hi,n = RL,n and vaU = val(°''l For this, the proof of [3 
Proposition 4.2.1] applies. Namely, this is already proved in [10]: (TSl) follows from lemme 10.1, 
(TS2) follows from corollaire 8.11 and (TS3) follows from proposition 9.9. The proposition then 
follows immediately from ^ Proposition 3.3.1] and ^ Proposition 3.1.4]. □ 

We set the (^-action on Ts^ZpA^ as the continuous extension of id ip. It is then clear that 
the (/j-action commutes with the F^-action and induces a topological isomorphism from Ts^^ZpAj^ 
to Ts^ZpA^r- 

Corollary 1.1.2. Keep notations as in Proposition Then the following are true. 

(1) For any n > n{L), we have B^£%{Ts) ^a^- i^L%+i^^,^s) = ^^£%+i{Ts). 

(2) Let < r < s. Suppose that Gl acts trivially on Ts/p^Ts for k = max{A;(r), k{s)}. Then for 
any n > n{L), we have D+^^jTs) ^At.;g,^o, (Al'^iz^Os) = ^^i%{Ts). 

(3) Suppose that Gl acts trivially on Ts/p^Ts for k = max{A;(s), k{ps)^. Then for any n > n{L), 
we have 

(4) Suppose that Gl acts trivially on Ts/p^Ts for k = max{A;(s), k{ps)}. Then for any n > n{L), 
we have ^{D^l%^^{Ts)) = Ti'^i^'^^iTs) . 

Proof. For (1), it is clear that Ti^l^^iTs) a q {A^l^^.-^^^ZpOs) satisfies the characterizing 

properties of '^'^Ln+ii^s) given by Proposition ll.l.ll Hence it coincides with D^'^^_(^^(T5). We 
get (2) by a similar reasoning. For (3), since >f{A^ff^®ipOs) = (8)^^05, we see that 

ip{T^Y,n{^s)) ®At^--_,g,^Os ^^tn^'^.^s) is a sub-Al;;;^§z,05-module of Ts ®Os {A^'^^'^ZpOs) 
which is free of rank d and satisfies 

{^(^'UTs)) ^Al^:_^^.^Os (^t<^s)) ^At^-§.,0. (A^-iz,05) 
=^i^t(Ts) ^A- §,^0, i^'''^^.Os)) 

=^{Ts ®Os {A^''^ZpOs)) 
=Ts(®Os (A^'^'^ZpOs). 
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Furthermore, since (/9 and Tk commute, we have that ip(D'£^^{Ts)) (8'.t,ps a q i-^Ln^^p^s) 

' L,n — 1 ^'^p S ' 

is fixed by Hi and stable under Gk, and has a basis which is almost invariant under T^. Hence 
V'(Dl;:jT5))$$^np^._^g^^^^(Al^';::§z,05) = ^^i:!;:{Ts) by the uniqueness of Dl^'^„^(r5). For (4), using 
(1) and (3), we have 

□ 

By the work of Berger-Colmez (see page 15 of [5]), one may take ^(^^) = Vp{12p). Now 
let Vs be a free 5-linear Gi<--representation of rank d. Choose a free 05-lattice Ts in Vs- Since 
the G^-action is continuous, there exists a finite Galois extension L of K such that Gl carries 
Ts into itself; hence T5 is G^-stable. We may further enlarge L so that Gl acts trivially on 
Ts/l2pTs. Although Ts is not necessarily Gft'-stable, the sub-S-module oj^^ ^^^{Ts) ®Os ^ of 
Vs (^os (At.P""'(P-i)®2;pC's) is Gi^-stable for any n > n(L). For any s > ^{p — 1); we set 

which is equipped with a ri<--action. By [S] Proposition 2.2.1] and [3 Lemme 4.2.5], there exists 
an s{L/K) > such that if s > s{L/K), then Ti^^iys) is a locally free B]^'*(8)(QpS'- module of rank 
d. Let n{Vs) = max{n(L), n(s(L/K))}, and put s{Vs) = - !)• 

Remark 1.1.3. By Corollary 11.1.2( 2) and (4), it is not difficult to see that for any integers ni,n2 
such that n{L) < ni,n2 < n{s) — 1, we have 

^-^iB]:^-'/^{Tsm^,^^.,^.,^_,,^^^^^ 

Thus one can replace n{L) by any integer n such that n{L) < n < n{s) — 1 in the construction of 

If S ^ R is a map of affinoid algebras, we set Vr = Vs C^s R- For any x G M{S), we denote 
^k(x) by Vx for simplicity. The following theorem slightly refines [SJ Theoreme 4.2.9] in the case of 
affinoid algebras. 

Theorem 1.1.4. For any s > s{Vs), the locally free ^^^^q^S -module T)^^{Vs) is well-defined, i.e. 
its construction is independent of the choices of Ts and L. Furthermore, it satisfies the following 
conditions. 

(1) The natural map Y)i^^{Vs) '^Bt,sg^ g ^'^k ®Qp^) ~^ ^S^Qp^'^K isomorphism. 

(2) For any x G M{S), the natural map Ti^^iys) ®s k{x) — ?• D|^'*(Vii.) is an isomorphism. 

(3) The construction is functorial in Vs, and it is compatible with passage from K to a finite 
extension L, i.e. T^\\Vs) = Dj^'^(ys) ®b^^%^^s ^^Y^Qp^)- 

(4) For any s' > s, we have D^/ (Vs) = B^k^Vs) ^^t.^g^ 5 (B^/^q^S). 
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Proof. All the statements of the theorem except (4) are already proved in \17\ Theorem 3.11] (which 
in turn is an easy consequence of [51 Theoreme 4.2.9]). For (4), let Ts and L be as above. It follows 
that 

for any s > siVs)- This implies that 

Using (3), we get 

<{Vs) ^3t,.'g^^^ B^/^Q^S = B^^iVs) 03t,.g^^, (Bi'^'gQ,5). 

We conclude by taking the iZ/^-invariants on both sides. □ 

From now on, we assume that s > s{Vs) unless specified otherwise. 
Proposition 1.1.5. We have ip(D^j^ (Vs)) C D^^^{Vs) and the natural map 

V>iB'KiVs)) ^,(Bl^»)§,,5 ^ or (^5) 

is an isomorphism. 

Proof. Let Ts be a free Os'-lattice of S, and let L be a finite Galois extension of K such that Ts is 
Gi^-stable, and Gl acts trivially on Ts/p^Ts for k = max{up(12p), k{p — 1)}. Substituting r with 
n with n(L) and taking in Corollary II. 1.2r 3). we get 

=»'""''(Di::„(L,(r.)) 

Tensoring up the above equality with Bj^'^^f^Q^S' over A^^'' ^^^S^ZpOs, we get 



By Theorem 1 1 . 1 . 4l f 3) . we may rewrite the above equality as 

^{^'^{Vs)) ®,(Bt,»)S,,5 (B^^Q.^) = or (V5) ^Bt,-§o,5 (B^ 
We conclude by taking the ffi^-invariants on both sides. □ 

/X.N _ -p,t,S/ 



We set Blf^,,{Vs) = B^^^{Vs) C^^t-.g^^^ (Bji^,^®Q,5). We put 



and 



We then set 

^Ws) = B^i^m ®B^»g,^5 (B^K^QpS) = U,^,^Vs)^^^'iVs) 

and 

^li^M^s) = ^lixiVs) ^B^^^^^s (^k,K^Q.S) = U.>s(y5)Dl4x(^5). 

By Proposition 11.1.51 we see that dJ^(V5) (resp. ^lig k(^s)) stable under ip, and the natural 
map ^*B^k{Vs) ^ B^j,{Vs) (resp. ^*Bl,g^j,{Vs) ^ bI,^^j,{Vs) ) is an isomorphism. Thus B^j,{Vs) 
is a ((/9, r)-module over B^^^QpS" in the sense of [17|. (See Remark 14.1.6 1 for the relevant discussion 

for ^ig^Ays)-) 

Remark 1.1.6. In the case when Vs admits a Gx-stahle free Os'-lattice Ts, we further have that 
the ((/3, r)-module D|^(y5) is globally etale in the sense of [20]. In fact, if L is a finite Galois 
extension of K so that Gl acts trivially on Ts/12pTs, then 

is a locally free A|^(8)ZpC)5-lattice of D^j^{Vs), and it satisfies 

Corollary 1.1.7. Let a € ^If^'^KiVs). If ^{a) G Blf^'^^iVs), then a G bI:Ij,{Vs). 

Proof. Let Ts be a free C'5-lattice of Vs, and let L be a finite Galois extension of K so that Gl- 
acts trivially on Ts/12pTs. By its construction we see that B^£\Vs) is a free Bl^'^'^^QpS-module 
of rank d. Let ei,...,ed be a basis, and write a = Yli=i^i^i with G Bjjg*^ig)Qp5'. Since 
^ltg,K(ys) = (dJ4l(^s))^^, it reduces to show that a G ^IiIl{Vs). By Proposition [LLSl we see 
that ip{ei), . . . ,ip{ed) constitutes a Bjjg*^(g)Qp5'-basis of dJ^'*(Vs'). Hence (/9(a) = X]f=i '/'('^^'/'('^i) 
belongs to L)Jjg*^(V5) if and only if (/?(ai) G Bj-g*^(g)Qp5 for all i. The latter is equivalent to 
Oi G B^jg i^^QpS for all i. This yields the desired result. □ 

1.2 Sheafification of the ((^, r)-module functor 

Following [17J, we can extend the ((/?, r)-module functor to finite locally free 5'-linear representations. 
From now on, let be a locally free S'-linear representation of Gk of rank d. We can then choose 
a finite covering of M(S) by affinoid subdomains M(5i), . . . , M(5„) such that V5. is free over 5, 
for each i. Let s{Vs) = maxi<j<„{s(Vs)}. By [17, Proposition 3.11], for any s > s{Vs), these 
DA'(^5i)'s glue to form a ((/?, r)-module D^j^''{Vs) over bJ^'^C^Jq^^S'; the construction of d'^j^^(Vs) is 
independent of the choice of the covering and satisfies the analogues of Theorem ll.l.4[ We then 
set ^lilxiVs), ^UVs) and bI,^ j,{Vs) similarly. 

Definition 1.2.1. Define the presheaves ^rigxC^^) ^^id ^/ig the weak G-topology of 

M{S) by setting 

^rig,x(^5)(M(5')) = ^!i,,KmiM{S')) = ^l^g^KiVs') 

for any affinoid subdomain M{S') of M(5'). 
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Proposition 1.2.2. The presheaves ^Jig^(Vs') and j^iVs) are sheaves. 

Proof. It suffices to show that ^^{g^i^s) ^ sheaf. By its construction, it is clear that dV k(^s) is 
finite locally free over bV k^Qp'^ functorial in Vs. It therefore reduces to show the proposition 
in the case that Vs = S. Recall that bJ-^ ^ = nr.>sB^''"' where B^'*"' is the completion of bJ-^ ^ 
with respect to val^*^'^' and val^'^'''^ . Using a Schauder basis of 5, we get 

^I'lx^QpS = n,>,B^'^lgQ^5. (1.2.2.1) 

By (ll.2.2.ip . it then suffices to show that the presheaf defined by M{S') i— >• B^'''^(g)Qp5' is a sheaf 
on the weak G-topology of M{S); this follows from \n\ Lemma 3.3]. □ 

Theorem 1.2.3. The constructions ^llg and ^lig for finite locally free S-linear rep- 

resentations Vs have the same properties as for finite free S-linear representations given in ^1.1. 

Proof. We choose a finite covering of M{S) by affinoid subdomains such that the restriction of Vs 
on each piece is free. The theorem then follows from Proposition 11.2.21 □ 

Definition 1.2.4. Let X be a separated rigid analytic space over Qp, and let Vx be a locally free 
coherent Ox-module equipped with a continuous Ox-linear Gj<--action. We choose an admissible 
covering of X by affinoid subdomains {M{Si)}i^i . We then define the sheaf ^ligxi^x) weak 
G-topology of X by gluing the sheaves ^^^^ xi^Si) for all i G 7; this construction is independent of 
the choice of the covering {M(5j)}jg/. 

1.3 Localization maps 

We equip -R'nili]] with the induced Frechet topology via the identification Kn[[t]] = K^,. We set 
I^n{it))'S)QpS as the inductive limit of (i~*7C„[[t]])(g)(Qp5'. For any integer n > n{s), the localization 
map Ln ■ ^lfg,K ~^ ^n[[t]] induccs a continuous map Bj^g^^^Qj^S" Kn[[t]]^Qj^S. We set 

and 

it is clear that 0^^(1/5) = D^.^'^ {Vs)[l/t]. We denote by t„ the natural map T)lfg^j^{Vs) 
B^.^'^{Vs), and cah it the localization map. We set ^senC^s) = ^diT^i^s)/it). Finally, we set 

^d^iVs) = u„>n(s)D^F'+(y5), ^^fiVs) = u„>„(,)D^p(y5), ^LiVs) = U„>„(,)D^^;(y5). 

Convention 1.3.1. When the base field K is clear, we drop the symbol K in all of these notations 
for simplicity. 

Lemma 1.3.2. Let a E ^l^giVs) and a G 5. If if (a) - aa £ ^If^'iVs), then a G 0^:^(1/5). 



11 



Proof. Put b = (p{a) — aa. Suppose that a € dJ-^ (V5) for some s' . If s' > s, we get ip{a) = 
b + aa £ ojjg (Vs). It follows from Corollary 11.1.71 and Theorem 11.2.31 that a € dJ-^ (^5) for 
s" = max{s'/p, s}. We then conclude a G Djjg(Vs) by iterating this argument. □ 

Let q = ip{[e] — l)/([e] — 1), where [e] is Fontaine's p-adic exp(27ri). The following proposition 
is a generalization of [19, Theorem 4.3]. 

Proposition 1.3.3. Let k be a positive integer. The following are true. 

(1) The localization map in : Djjg(V5') ^^\i(^s) induces an isomorphism 

(2) The natural map Yln>n{s) ^« • Dj;g(V^s') Iln>n(s) '^dii'i^s) induces an isomorphism 

^i'i{vs)/{t')^ n Ddif(^5)/(i'=). 

n>n{s) 

(3) The natural map (f : Blf^{Vs) / {t'') ^lll''{Vs)/{t'') is given by ((an)„>„(s)) ^ ((«n-i)n>n(s)+i) 
under the isomorphism of (2), 

Proof. For (1) and (2), since 0^-^(1/5) is a finite locally free bJ-* ^(giQ^S-module, it reduces to show 
that 

H'iK^Q.S/ii^^^-Hq))") = KnimQ^S/it'^) (1.3.3.1) 

and 

= n ^n[[i]]§Q,5/(t^'). (1.3.3.2) 

n>n(s) 

We first show them for S = Qp. By [31 Proposition 4.8], we see that for / G bJ-^^, t|t„(/) if and 
only if ip'^-^{q)\f. Note that t||/,n((/?"-i(g)). We thus deduce that the map Blf^ j^/{iip"--^iq))'') 
Kn[[t]]/{t^) is injective. Furthermore, it is an isomorphism for A; = 1 by [3l lemme 4.9]. Hence it is an 
isomorphism for any k by comparing ^C„-dimensions on both sides. Since t = Y[n>n{s)i^^~^ il) /p) 
in Bjjg ^ , we further get 

^iiK/it')= n Bjig,x/(^""'(^))= n Knim/it'). 

n>n(s) n>n{s) 

Since Bjjg^/((99"~^(g))'^) = Kn[[t]]/{t^) is a complete Frechet space over Qp, by Hahn-Banach 
theorem for Frechet type spaces over discretely valued fields, we get that the exact sequence 

^ i^^~\q))'Bl^l^ ^ Blll^ ^ Bj4^/((^"-i(g))^) ^ 

splits as complete Frechet spaces over Qp. This yields the exact sequence 

^ (¥^"-'(g))'Bj4^§Q^5 ^ Blll^^Q^S ^ {Blil^/{{^"-\q))''))^Q^S ^ 0; 

hence 

^X,K^Qr:S/ii^''-H<l))') = (Bl:lK/ii^''-HQ))'))mr,S = Kn[[t]]/it') S - KM®Q^S/it% 

yielding (jl.3.3.ip . We get (|1.3.3.2p by a similar argument. We get (3) immediately from the fact 
that Ln+i ° f = I'n for all n > n(s). □ 
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1.4 The sheaf {9^P{Vs)/{t^)f'' 

Definition 1.4.1. Define the presheaves (F5) and {Vs) / {t^) on the weak G-topology of 
M{S) by setting 

for any affinoid subdomain M{S') of M{S). Define the presheaves 

^d1f(^5) = lin^ ^^nVs) and ^+,{Vs)/{t') = lin^ ^+f"(^5)/(i'). 

n— ^cxD n—¥oo 

Proposition 1.4.2. T/ie presheaves ^^if^iVs) and S>^i{iVs) are sheaves. 

Proof. It suffices to show that ^^'^^"(Vs) is a sheaf. Note that Kn[[t]]^Qj,S = (K„ (g)Q^ S)[[t]]. 
Hence the proposition is true for Vs = S (with trivial G/^-action). This yields the general case 
since D^j'"(V5) is functorial in and D^j'"(V5) is a finite locally free Kn[[t]]0iQpS-m.odule. □ 

Convention 1.4.3. Let X be a rigid analytic space over Qp. Let G be a group, and let M be 
a presheaf on X equipped with a G-action. We denote by M'^ the presheaf on X defined by 
M'^{U) = M{U)^ for any admissible open subset U of M{S). 

Lemma 1.4.4. Let G he a topologically finitely generated group. Let A be a commutative topological 
ring, and let M be a finite A-module equipped with a continuous A-linear G-action. Suppose that 
B is a commutative topological ring with a continuous flat morphism A B. Then (M ®a B)^ = 
®^ B. 

Proof. Choose a finite set of topological generators gi, . . . , gm of G. Consider the exact sequence 

— > — > M — > e^iM 

where the last map is (B"^i{gi — 1). Since B is fiat over A, tensoring up this exact sequence with 
B, we get 

— >M'^ ®aB — yM^aB — > e^iM (g)A B. 
This yields the lemma. □ 

Proposition 1.4.5. The following are true. 

(1) The presheaf Si'^^^ {Vs) / {t^) is a locally free coherent sheaf on M{S). 

(2) The presheaf {i.&tii' i^s) / {t^)f is a coherent sheaf on M{S). 

(3) The increasing sequence of presheaves {{^^ip iVs) / '^}n is stationary. As a consequence 
of (2), we have that {{^^i{{Vs) /{t''))^'^ is also a coherent sheaf on M{S). 

Proof For (1), note that D+f is a finite locally free {Kn[[t]]^Q^S)/{t'') = Kn[[t]]/ {t'') 

iS-module; hence it is a finite locally free S'-module. The coherent sheaf condition then follows from 
the functoriality of D+f (F^). Thus ^dif" i^s) / {t'') is a locally free coherent sheaf on M{S). For 
(2), it reduces to show that 

{^tiPiVs)/{t')f'' ®S S' = {Bt^{Vs>)/{t')f- (L4.5.1) 
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for any affinoid subdomain M(S') of M{S). Since S' is flat over 5, we deduce (2) from the above 
lemma. 

It remains to prove (3). Let Nn be the abelian group of finite order characters rj : 7^* Z* 
with conductor N^rj) < n {N^rj) = if r/ = 1; otherwise it is the smallest integer n such that r] is 
trivial on 1 +p"Zp). For any r] € Nn, we associate it with the Gauss sum G{rj) by setting G{rj) = 1 
if ?7 = 1, 

otherwise. A short computation (see for instance |10l Proposition 2.14]) shows that ^{G{rj)) = 
r]~^ {x{l))G{rj) for every 7 G F, and that 

%{en) = e^g7V„Qp • ^(r/) (1.4.5.2) 

as F-modules. Furthermore, we see that G{r]ir]2) = G{r]i)G{r]2) for any r]i,r]2. We thus deduce 
from (11.4.5. 2[) that 

Qp(em) = e^6Ar„/jv„Qp(en) • G{r,) (1.4.5.3) 

as F-modules for any m > n. Note that there exists an no € N such that [Kn ■ Kng] = [Qp{sn) '■ 
Qpi^no]) for all n > no; hence Kn = Kn^ ®(Qp(e„,)) Qpi^n) for all n > uq. We fix such an n, and let 
r/i, . . . , r/; be a set of representatives of Nn/Nn^. Hence 

^l^{ys)/{t>^) =^tr{Vs)/{t>^) ®K^,M]m^^,s {KrMVit') s) 

=^lriys)/{t')^K^^^Kn (1.4.5.4) 

= eLiG(r?,)D+.f«(y5)/(t') 

as Fx-modules by (jl.4.5.3p . For a € (J^^(i {Vs) / {t^))^ , write a = G{r]i)ai under the decom- 
position (jl.4.5.4p . The F/^-invariance of a and the uniqueness of the decomposition implies that 
7(aj) = '?/i(x(7))oi for any 7 S F^^. We may enlarge no so that 1 +p"''Zp C x{^k)- It follows that 
the restrictions ol r]iO x on F^ are two by two different. Thus Oj's belong to different eigenspace 
of Fx- It therefore follows that aj = if and only if each a, is 0. This implies that the map 

a ^ Zi=i «i from (D+f (l^s)/(t'=))rK to D+f°(F5)/(t'=) is injective. Since B^^""" (Vs) / (t^) is a finite 
5-module, we see that the increasing sequence of S'-modules {(D^{piVs)/{t^))^'^}n is stationary. 
This yields (3). □ 

Definition 1.4.6. Let X be a separated rigid analytic space over Qp, and let Vx be a locally 
free coherent O^-module equipped with a continuous Ox-linear Gi^-action. We choose an ad- 
missible covering of X by affinoid subdomains {M(S'j)}jg/. We then define the sheaf ^d^f(Vx) 
(resp. i^^£(Vx)/(t^), i^Sen(Vx)) on the weak G-topology of X by gluing the sheaves ^dif(^S'i) 
(resp. (V5'.)/(t'^), ^Sen{ySi)) for all i G /; this construction is independent of the choice of the 
covering {M(5i)}ig/. 

1.5 Sen's operator 

Let be a free S'-linear representation of Gk of rank d. Let T5 and L be as in the construction of 
D^j^^{Vs), and let n > n{Vs). For any 7 € F^ satisfying n(7) > n, it acts L„-linearly on L)gen(V5). 
By its construction, we may choose some L„-basis of L)gcn(^5) which is almost F^-invariant; thus 
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the matrix of 7 under this basis satisfies \M^ — 1| < 1. We define log 7 € Endi„,^Q^5(Dggjj(V5)) 
by setting 

log7 = - 2^ 



m 

m>l 



The convergence of the right hand side follows from the condition \M^ — 1| < 1. Since Tl is a 
1-dimensional p-adic Lie group, the operator (log7)/x(7) G ^xidL^®Q^s{^Q,eni^s)) is independent 
of the choice of 7; hence it is well-defined. Note that Ds^n(^5') ~ ^Seni^s) -^n 7 car- 
ries ^seni^s) into itself. Hence (log7)/x(7) ^ ^^dx^^Q^si^seni^s))- Furthermore, since Tk is 
commutative, we see that (log7)/x(7) commutes with Tk] hence its characteristic polynomial has 
coefficients in K (d)Qp S. 

Definition 1.5.1. Let X be a separated rigid analytic space over Qp, and let Vx be a locally free 
coherent Ox-™odule equipped with a continuous Ox-linear Gi<-action. We choose an admissible 
covering of X by affinoid subdomains {M{Si)}i<zi such that Vs^ is free for each i ^ I. By the above 
discussion, the operator (log7)/x(7) is well-defined on each ^senCV^J; hence it is well-defined 
on ^sen(Vx). We set 9 = (log7)/x(7) G End^^^Q^o^ (^sen(Vx)), and call it Sen's operator 
for Vx- We glue the characteristic polynomials of on each Dscn(^5,) to form a polynomial in 
{Koo (S'Qp 0{X))\T], and called it Sen's polynomial for Vx- Since commutes with the F-action, 
we see that the Sen's polynomial has coefficients in K 0{X). 

The rest of this subsection is a (99, F)-module interpretation of [181 (2-3)-(2.6)]. 

Proposition 1.5.2. Let Vs he a finite free S-linear representation. Then for any n > n{Vs), both 
H^{rK,B^,^{Vs)) and HHrK,B^,^{Vs)) are killed by det(e). 

Proof Let L,7 be as above. Note that both H^{Tl,'D^^^{Vs)) and HHTl,D^^^{Vs)) are killed by 
7 — 1. It follows that both of them are killed by 0; hence both of them are killed by det(0). This 
yields the desired result since H^{Tk,B^,^{Vs)) C //^(Fl, Dg^JlA.)) and H^TK^B^.^iVs)) is a 
quotient of (F^, Dg^„ (Vs))- □ 

From now on, let Vs be only locally free over S- 
Corollary 1.5.3. For any k > 1 and n > n(Vs), the natural map 

{Bt{Pm/{t>')f'< ^ {D^,,AVs)f- 

has kernel and cokernel killed by Y[i=i det(0 + il). 

Proof. Since i^^if' (Vs) / (t^))^'^ and i^seni^s))^ coherent sheaves, by restricting on a finite 
covering of M{S), it suffices to treat the case that Vs is free over S. It then suffices to show that 
the natural map 

(^dif ViV/ J J ~^ V^dif 

has kernel and cokernel killed by det(0 + il) for each i > 1. By the short exact sequence 

B^^^iVsit)) B^^{Vs)/{f+') D+f (V5)/(f ) 0, 
we get the exact sequence 

We thus conclude from Pr op osit ion 1 1 . 5 . 2] and the fact that Sen's operator for Vs{i) is + il. □ 
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Proposition 1.5.4. Keep notations as above. Then there exists a finite Galois extension L' of K 
containing L such that 0/(7' — 1) is invertible on Dson(^5)) t' ^ ^L'- 

Proof. It suffices to treat the case that V5 is free. Let "y G Tj^ such that n{j) > n. Since 7 acts 
-L„-hnearly on ^sen(^s), for any positive integer k, the matrix M^^k of 7^*° is just {M^y'' . Thus 
we may choose a sufficiently large k so that, under an almost-r^-invariant L„-basis of Dgcn(^s)) 
the matrix M^^k of 7^ satisfies \M^pk — 1\ < p~ . Let L be a finite Galois extension of K such 
that Tl' C {jp"). It follows that |(My - l)™/(m + 1)| < 1 for any 7' G Ll/ and m > 1. Let 
u = Ylm>o(^ ~ 7')'"/('^ + !)• Then the matrix of u — 1 has positive valuation, yielding that u is 
invertible. Hence 0/(7' — 1) = x{'l)~^u is invertible. □ 

Now we suppose that det(0) = 0, and we write det(T/ — 0) = TQ{T) for some Q{T) G 
{K S)[T]. Put P{i) = n5=o'3(-i) for every integer i > 1. 

Proposition 1.5.5. If f : S ^ R is a map of affinoid algebras, for each n > n{Vs), the natural 
map 

(Dg^J^s))^" ®sR^ (1.5.5.1) 

has kernel and cokernel killed by a power of f{Q{0)). In particular, if f{Q{0)) is a unit, this map 
is an isomorphism. 

Proof Write Q{T) = Eito OiT*. First note that Q(0)0 = in End(Dsen(T4;)) by Cayley's 
theorem. Hence 

0(Dg,„(T/5))Cker(Q(0)|Dg,,(ys)) and Q{e){B^M)) Ckev{e\B^M)). 

By the equality oq = Q{@) — 0(X]f=i o*®)) deduce that both the kernel and cokernel of the 
natural map 

ker(0|Dg,,(V5)) eker(Q(0)|Dg,,(V5)) ^ ^tniVs) 
are killed by oq = (5(0). Hence the natural map 

(ker(0|Dg,jys)))ao e (ker(Q(0)|Dg,jy5)))ao ^ (DLn(^s))ao (1.5.5.2) 
is an isomorphism. By the same reasoning, the natural map 

(ker(0|Dg,„(y^)))^(,„) e (ker(Q(0)|Dg,jyK)))/{ao) ^ (Dsen(^K))/(ao) 
is also an isomorphism. Consider the following commutative diagram 

ker(0|Dg,jys)) ^5 Rfiao) ® ker(Q(0)|Dg^„(V5)) Rfiao) Dgen(^s) Rfiao) 

(ker(0|Dg,„(yR)))^(,„) e (ker(Q(0)|Dg,jF^)))^(,,,) (Dge„(V^i?J)/(ao) 

where the upper map, which is obtained by tensoring up p.5.5.2p with R over S, is an isomorphism. 
Note that the right map is an isomorphism because E)gen(") is functorial in Vs- We thus deduce 
that both the natural maps 

ker(0|Dg,jF5)) ^5 RfM ^ (ker(0|DL.(T^ij)))/(„o) 
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and 

ker(Q(G)|Dg,jys)) ®5 Rfiao) ^ {keT{Q{Q)\I)^M)))fiao) 

are isomorphisms. Let L' be a finite Galois extension of K given by Proposition ll.5.4[ It then 
follows from Proposition [TXil that ker(e|Dggj^(y5)) = (Dgg„(ys))^in and ker(e|Dg^„(yR)) = 
(Pseni^R)f'''"- ^ote that (Dsen(ys)f'^ (resp. (Dgg„(VR))'^^) is the image of the endomorphism 
a 1-^ Z^oer /r / '-'^ (■'-^Sen(^5')) ^" (resp. (Dsen(^^)) ^")- conclude immediately that the 
natural map 

is an isomorphism. □ 
Corollary 1.5.6. If f : S ^ R is a map of affinoid algebras, for each n > niVs), the natural map 

has kernel and cokernel killed by a power of f{P{k)). In particular, if f{P{k)) is a unit, this map 
is an isomorphism. 

Proof. Consider the following commutative diagram 



i^^eniVs)^'' ®S RfiPik)) (Dse„(^/?))/rP(fc))- 

The bottom map is an isomorphism by Proposition 11.5.51 The left map and right map are iso- 
morphisms by Corollary 11.5.31 Hence the upper map is an isomorphism; this yields the desired 
result. □ 

2 The extended Robba ring 
2.1 Definitions 

Let i? be a Qp-Banach algebra with \B\ discrete. Set v{x) = — logp(|x|) for any x G B. 
Definition 2.1.1. For any interval I C (0, oo], let be the ring of Laurent series 

f = ^a,r 

for which ai (z B and v{ai) + si — > oo as i ^ =boo for all s £ I. For any s € /, define Ws ■ 7^|j — )• M 
as 



and the norm | • |s on 7^^ as 



Wsif) = min{t;(ai) + si} 



|/|, = max{|a,|^5-^*}=p-"'^(^). 
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We denote "R-^^ by 7^^ for simplicity. Let TZ^ be the subring of TiT^ consisting of elements with 
{v{ai)}i^z bounded below. Define w : TZ^'^ ^ M as 

w{f) = min{i;(ai)}. 

Let TV^^'^ be the subring of TZ^^'^ consisting of / with w{f) > 0. We call TZb = ^r>oT^^B Robba 
ring over B, and 7^^* = Ur>o7^B the bounded Robba ring over B. 

Definition 2.1.2. For any interval / C (0, oo], let TZ^^ be the set of formal sums 

with tti & B satisfying the following conditions. 

(1) For any c > 0, the set of i G Q so that |aj| > c is well-ordered (i.e. has no infinite decreasing 
subsequence). 

(2) For all s E I, v{ai) + si — >■ oo as i — ±oo, and in£i^Q{v{ai) + si} > — oo. 

These series form a ring under formal series addition and multiplication. For any s E I, set 
Ws ■ TZ^B ^ 1^ as 

Wsif) = inf{v{ai) + si} 

and the norm on 7?.^ as 

|/|, = sup{|a,|p--}=p-»(^). 

We denote TZ^j^'^^ by TV^ for simplicity. Let 7Z^'^ be the subring of consisting of elements / 
with {v{ai)}i^Q bounded below. Define w : TZ^'^ — > M as 

w{f) = mm{?^(ai)}. 

We call TZb = Ur>o7^^ the extended Robba ring over B, and 7^^^^ = Ur>oTZ^B extended bounded 
Robba ring over B. 

Remark 2.1.3. Since \B\ is discrete, it follows from condition (1) that infjgQ{t;(oj) + si} (hence 
also supjgQ{|aj|p~**}) is attained at some ieQ. 

We equip TZ^^ (resp. 7^^) with the Frechet topology defined by {ws}s^j-, then TZ^^ (resp. TZ^b) 
is a complete Frechet algebra over Qp. Furthermore, in the case that / = [a, b] is a closed interval, 
TZ^Q (resp. 7^^) is a Banach algebra over Qp with the norm maix{wa,Wb}. We equip TZ^'^ (resp. 
TZg with the norm maj^{w, Wr}] then TZ^ (resp. TZ^ is a Banach algebra over Qp. 

Definition 2.1.4. Let Sb be the ring of formal sums / = X^ieQ*^*^* with Oi & B satisfying the 
following conditions. 

(1) For each c > 0, the set of i G Q such that \ai\ > c is well-ordered. 
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(2) The set {f (aj)}igQ is bounded below and f (oj) — )• cxo as i ^ — oo. 
Set w : £b ^ ^ SiS 

w{f) = min{w(ai)}. 

We equip £b with the topology defined by w; then £b is complete for this topoology. 
Let L be a p-adic field with discrete valuation, and put Bl = L^q^B. 

Proposition 2.1.5. For R G {n^'^''',n^} and R G {£,TZ^'^''' ,n^} where I C (0,oo] is a closed 
interval, the natural maps 

i : Rl B Rbl , i ■■ Rl ^Qp B Rb^ 
are emheddings of L-Banach algebras. For R = TZ'' and R = TV , the natural maps 

i ■■ Rl '^Qp B Rb^ , i : Rl ^Qp B Rb^ 

are emheddings of L-Frechet spaces. Furthermore, i has dense image for all R G {TZ^'^'^ ,TZ^ ,TZ^}. 
Hence i induces an isometric isomorphism Rl^q^B = Rbli ^'^'^ ^ induces an isometric embedding 
RL^QpB ^ Rbl- 

Proof. This is [201 Lemma 2.1.6]. □ 
Proposition 2.1.6. If B is of countable type, then 

{£L®QpB)nV}'^l^ = nf^^®Q^B. 

Proof. This follows from [20, Lemma 2.1.8] by taking S = £l- Q 

Lemma 2.1.7. Let S be an affinoid algebra over Qp. Then for any x G M{S), the natural map 
TZg 03 T^'k[x) ^'^ isomorphism. 

Proof. It reduces to show that the natural map px ■ — )• T^l.(^x) surjective and its kernel is m^T^^. 
By Hahn-Banach theorem for Banach spaces over discretely valued fields, the exact sequence 

— ^ — > S — > k{x) — y 

splits as Qp-Banach spaces. This yields the exact sequence 

— ^ ^Qp^Qpi"^ T^Qp^QpS — y TIqp^QpHx) 0. 

Using Proposition 12.1.51 we get that px is surjective. Choose a finite set of generators hi, ... , bm of 
m-x. By the open mapping theorem for Banach spaces over discretely valued fields, the surjective 
map of Qp-Banach spaces S"" — )• m^^ defined by (oi, . . . , Um) ^ "^ILi (^ibi is open. Hence there exists 
c > such that for any a G xxix, there exist ai, . . . , G 5 with \ai\ < c\a\ such that a = Yl^i ^ibi. 
Now let / = X^igQ ^i^* belongs to kernel of px', so Oj G m^; for all i. For each i G Q, choose Oij G S 
with \aij\ < c\ai\ for 1 < j < m such that = X^^i o-ijbj. Let fj = ^,;gQ aijU^ for 1 < j < m. It 
is then clear that fj G TZg and / = Yl]Li bjfj] hence / G mxTZg. □ 
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2.2 Key lemma 

From now on, suppose that L is equipped with an isometric automorphism ipi such that its restric- 
tion on Qp is the identity. We denote by if the continuous extension of 99/, (g) id on 5/,. We extend 
(p to automorphisms on IZsj^ and £"5^ by setting 

It is obvious that (p restricts to automorphisms on TZl^q^S and Sl^q^S. 
Let a € , consider the fohowing Frobenius equation 

ip{b)-ab = a. (2.2.0.1) 

The following is a variant of [201 Lemma 2.3.5(3)]. 

Lemma 2.2.1. Suppose \a~^\ < 1. Then for a = X^j^QajU* € T^^g^, the following are true. 

(1) \2.2. 0.1\) admits at most one solution b € T^Sl- 

(2) 112.2. 0. 1\} has a solution b € TZsl ^"i^d only if 

^a-(™+i)(^-(a,p-™) = (2.2.1.1) 

for all i < 0. Furthermore, in this case the unique solution b is given by 

6 = -J](J^a-(™+i)^-(a,p-™))n^ 

ieQ mGN 

and belongs to T^^^, and it satisfies Wr{b) > Wr{a) — C{r,a) where C{r,a) is some constant 
only depending on r,a. 

(3) Suppose a € TZ^^^q^S. If b ^ T^Sl ^ solution of ^2.2. then b € TZ^'j^^q^S. 

Proof. Suppose that b = XligQ ^ ^s^, a solution of ()2.2.0.ip . By comparing coefficients, we 
get 

'^{h/p) - = ai, 

yielding 

bi = a~V(bi/p) - a-^ai (2.2.1.2) 
for every i £ Q. Since \a~^ \ < 1 and {|ajp-m|}meN are bounded, we get 

6, = - ^ a-(™+i)<^'-(a,p-^) 

by iterating ()2.2.1.2p . Thus bi is uniquely determined by a and a. This proves (1). Furthermore, 
for any A: G N, 

00 00 
99 ( 2^ a ^ ^ V (flip— jj = a 2^ a ^ ^ V (a(ipfe)p-™J = -« %k. 

m=—k m=0 
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Hence 

oo 

XI ""^""^"^V^laip-™)) = '^{ct'bipk) > kv{a) + vib^^k) > kv{a) + Wr'{b) - r'ip^. 

m=—k 

It follows that if z < 0, w(X;m=-fc ""^™^^V™(aip-™)) ^ oo as A: ^ oo; this yields (I2.2.1.1h . proving 
the "only if" part of (2). 

To prove the "if" part of (2), for / = X^igQ*^*^* ^ "^5^ c G M, we set 

w^'~{f) = m.m{v{ai) + ri}. 

i<c 

It is clear that Wr~ {f) — )• cxo as c — )• — oo. Now suppose that (|2.2.1.ip holds for all i < 0. If i < — 1, 
then for each m < — 1, 

v{a~^'^^^^ ip^ {ttip-^)) > v{aip-m) - (m + l)v{a) = {v{aip-m) + rip^"^) - rip~"^ - (m + l)v{a) 
> {wl'^ia) - ri) + ri{l - - (m + l)v{a) > wl~{a) - ri - Ci{r,a) 

for some constant Ci{r,a). Hence 

oo — oo 

m=0 m=-l (2.2.1.3) 

> ■u;*'"(a) - Ci(r, a) 

for each i < —1. If i > —1, for any m > 0, 

> ^^(a) _ rip-"' + ^;(a-^)(m + 1) > K(o) - ri) - C2(r, a) 
for some constant C2{r,a) because v^a"^) > 0. Hence 



oo 

Wr'/ 

m=0 



^{(Y, a"^"'+^V"'(aip-™))^i') > Wr{a) - C2(r, a) (2.2.1.4) 
for all i > -1. Put 

i>0 i<0 

and 

oo oo 
i>0 m=0 i<0 m=0 

Since [a^^l < 1, we see that the series X]m=o is convergent in Tt^^. Computing 
the coefficients of the sum, we get Ylm=o = —b^. We claim that b~ also belongs to 

n'g^. It follows from (12. 2.1. 3D . (|2.2.1.4p that 6" satisfies (2) of Definition [2X2l On the other hand, 
since \a^^\ < 1, it is clear that the series X]m=o Oi~^"^^^^ ip"^{a^) is convergent to —b~ in Ss^'i hence 
b~ satisfies (1) of Definition 12.1.21 yielding the claim. Now put b = b^ + b~ G ^5^- It is then clear 
that b is the solution of (|2.2.U.1I) . By (I2.2.1.3P and (|2.2.1.4p . we get that Wr{b) > w{a) - C{r, a) for 

C(r, a) = max{Ci(r, a), C2(r, a)}. 
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Furthermore, since ip{b) = a — ab ^ '^^Sl ' ^et b G T^^Sl ' 

It remains to prove (3). Now suppose a € TZ^j^^q^S. It is then clear that a"*" G "^"i^QpS and 
a~ G Tl^'^(S>QpS. It therefore fohows that 6"^ G Tl^i^QpS and 6~ G SL^QpS. Since 6~ G TZ^'^^q^^S, 
by Proposition 12.1.61 we conclude that 

b- G n7^g'^ = 

Renceb = b+ + b- eni^Q^S. □ 

Remark 2.2.2. One can reformulate the above lemma using the notion of cohomology of (p- 
modules. For any a G S*^, we define the rank 1 ip-module TZs^{a) over 7^5^ by setting Lp{v) = a~^v 
for a generator v; we set i^l(7^5^(a)) = 7es^(a)/(v3-l). Then Lemma [MU says that if |a ^| < 1, 
then av is a coboundary if and only if a satisfies (12.2.1.ip . 



2.3 Relations between different rings 

Now let L be the completion of the maximal unramified extension of Qp, and let 9?^ be the arithmetic 
Frobenius on L. Recall that there exists a natural identification B^jg = Fan which identifies B^-g'''^^ 
with Fal^r for any r > (see for instance [H §1.1]); here Fan and F^l^r are analytic rings associated 
to the residue field Fp((ti))'^'s introduced by Kedlaya (see [15l §2] for more details). On the other 
hand, TZl and TZ\ (together with the y^-action) are analytic rings with residue field ¥^^{{u^)); 
here ¥p{{u^)) is the Hahn-Mal 'cev-Neumann algebra with coefficients in Fp ^ (see for instance [15^ 

Definition 4.5.4]). By [H Theorem 8], V^jju))^^& is a closed subfield of ¥f^{{u^)). This leads to 
natural embeddings of analytic rings 

for all r > 0. By the above identifications, we therefore get natural embeddings 

Bjif ^ Til (2.3.0.1) 

for all r > which respect the 99-action. Henceforth we regard Bj.-g as a subring of 7^^. 
We will need the following results later. 

Lemma 2.3.1. For any a G Sl, there exists a Zariski closed subspace M{S{a)) of M{S) such that 
for any map g : S ^ R of affinoid algebras, g{a) = if and only if the map M{R) — )• M{S) factors 
through M{S{a)). 

Proof. Choose an orthogonal basis {ejjjgj of L over Q^; then it is also an orthogonal basis of Sl 
as an S'-Banach module. Let I{a) be the ideal of S generated by the coefficients of a. It is then 
clear that one can take S{a) = S/I{a). □ 

Lemma 2.3.2. Let a G TZI^q^S. Then there exists a Zariski closed subspace M{S{a,r)) of S 

such that for any map g : S ^ R of affinoid algebras, g{a) G '^Ifg'x'^'Qv^ '''f '^^'^ ^^^y ^.^ 
M{R) M{S) factors through M{S{a,r)). 
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t p(t) ~ / 

Proof. Since B^-g ^ is a closed subspace of 7^^, by Hahn-Banach theorem for Prechet type spaces 

over discretely valued field, there exists a closed subspace V of so that = B^^^^^ F as 
Frechet spaces over Qp. It follows that 

Suppose a = ai + a2 with ai G ^"^ig^x^Qp^ ^^"^ '^2 G V(8)Qp5. It follows that g{a) € ^rig^x^QpR if 
and only if g{a2) = 0. By Proposition 12 . 1 . 5} we may regard 02 as an element of T^^^; then 5(02) = 
in 7^£(8)Qpi2 if and only if 5(02) = in Suppose 02 = YlieQ CiU^. Let 

/(a,r) = ^/(c,) 

where /(c,) is the ideal defined in the proof of Lemma 12.3.11 It is then clear that one can take 
S{a,r) = S/I{a,r). □ 



3 Construction of finite slope subspaces 

Throughout this section, let X, Vx and a be as in §0.1. In the case when X = M{S) is an affinoid 
space, we denote Vx by V5 instead. For any morphism X' ^ X oi rigid analytic spaces over Qp, 
we denote by Vx' the pullback of Vx on X' which is a locally free coherent Ox'-module of rank d 
with continuous Ox'-hnear GQ^-action. 

We call an admissible open subset U C M{S) Zariski open if it is the analytification of an 
Zariski open subset W of Spec(5). We further say that U is scheme-theoretically dense if W is 
Zariski dense in Spec(S'). We call an admissible open subset U X Zariski open (resp. scheme- 
theoretically dense) if it is true after restricting to the pieces of an (hence any) admissible covering 
of X. For any / G 0{X), we denote by Xf the complement of the vanishing locus of /; it is a 
Zariski open set of X. Furthermore, Xj is scheme-theoretically dense if and only if / is not a zero 
divisor on X. 

We have defined finite slope subspaces of X with respect to (a, Vx) in Definition 10. 1.1[ The goal 
of this section is to prove that X has a unique finite slope subspace (which may well be empty). 



3.1 Prelude 

Proposition 3.1.1. The formation ofXjs commutes with flat base change. Namely, if f : X' ^ X 
is a flat morphism of separated rigid analytic spaces over Qp, and if Xj^ is a finite slope subspace 
of X, then the pullback X'j^ of Xjg is a finite slope subspace of X' with respect to (Vx', /*(«)). 

Proof. Note that the Sen's polynomial for Vx' is T f*{Q[T)). By (1) of the Definition lO.l.H we 
get that Q{j) is not a zero divisor of X for every integer j < 0. The flatness of / then implies 
that f*{Q{i)) is not a zero divisor in X'^^. Hence X'j^ satisfies (1) of Definition lO.l.li Now let 
g : M{R) ^ X' be a map of rigid spaces over Qp which factors through -^qq) for every integer 
j < 0. Then fog factors through Xq^^j-^ for every integer j < 0. By the universal property of Xfg, 
we know that for n sufficiently large, the natural map 

i^UvR)r="'^=' ^ (D+f (1/^))^ 
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is an isomorphism if and only if f o g factors through Xfg, i.e. if and only if g factors through ^'fg- 
This implies that X'jr^ satisfies (2) of Definition 10.1.11 □ 

Proposition 3.1.2. There exists at most one finite slope subspace of X. 

Proof. Suppose that Xi,X2 are two finite slope subspaces of X. Let {Uj}j(^,j be an admissible 
covering of X by affinoid subdomains. It suffices to show that for any j G J, the restrictions of 
Xi,X2 on Uj coincide. By Proposition 13.1.1} we see that the restrictions of Xi,X2 on Uj are finite 
slope subspaces of Uj. Thus it reduces the case when X = M{S) is an affinoid space. We prove 
this by using Kisin's argument ([181 (5.8)]). Let Ii,l2 C 5 be the ideals corresponding to Xi.,X2 
respectively. Let W be the support of (/i + h)/!! in Xi (with its reduced structure). Let x € Xi 
be a closed point. If x S -^qq) for every integer j < 0, applying (2) of Definition 10. 1.1 1 to any finite 

length quotient R of Oxi,x, we get that x £ X2 and Oxi,x = Ox2,x- This implies that x ^ W. 
Hence, for any w £ W there exists integer j < such that Q{j){w) = 0. If Wq is an irreducible 
component of W, then by [18*, (5.7)], we deduce that there exists jwo ^ such that Q{jwo) vanishes 
in Wq. It follows that Xi/W contains nvygcvy (^i)Q(j^^). The latter is scheme-theoretically dense 
in Xi since W has only finitely many components. A fortiori we see that Xi/W, which is contained 
in X2, is scheme-theoretically dense in Xi, yielding Xi C X2. Thus X2 = Xi. □ 

Remark 3.1.3. The proof of Proposition 13.1.2] actually implies that if Xi,X2 are two Zariski 
closed subspaces of X such that both of them satisfy (1) and (2) for artinian algebras R over Qp, 
then Xi = X2. 

Proposition 3.1.4. Let {f^jjjeJ ^6 0,''^ admissible covering of X by affinoid subdomains. Suppose 
that each Uj has the finite slope subspace {Uj)fs. Then {{Uj)fs}j£j glues to form the finite slope 
subspace of X. 

Proof. By the uniqueness of finite slope subspaces, we see that {{Uj)fs}j£j glues to form a Zariski 
closed subspace Xf^ oi X. It is then clear that Xfg satisfies (1) of Definition 10. 1.11 Now let 
g : M[R) — )■ X be a morphism of rigid analytic spaces over Qp which factors through Xqq) for 
each integer j < 0. The pullback {g^^iUj)^ forms an admissible covering of M{R). We choose 
a finite covering {M(i?j)}jg/ of M{R) by affinoid subdomains which refines {g~^{Uj)}. It then 
follows that for each i £ I, the natural map (Djjg(yR.))'^^^*(") ^dil^i^Ri) isomorphism 
for all sufficiently large n. We deduce from Propositions 11.4.21 and 11.2.21 that the natural map 
(Djjg(VR))'^^^*(") ^dif^C^R) is isomorphism for all sufficiently large n. This yields that Xfg 
is the finite slope subspace of X. □ 

3.2 Techniques 

Let a, a be as in Lemma 12.2.11 We denote by S{a,a) the intersection of 

M(5(^a-(™+iV™(a,p-™))) 

for all rational numbers i < 0. 

Proposition 3.2.1. Let a € satisfying \a^^\ < 1. Then for any a G ^lfg{ys) there exists a 
Zariski closed subspace M(S{a, a)) of M{S) such that for any morphism g : S ^ R of affinoid 
algebras, the equation 

V{b) - g{a)b = g{a) (3.2.1.1) 
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has a solution h € Djig(VR) if and only if the map M{R) — )• M{S) factors through M{S{a,a)). 
Furthermore, the solution b is unique in this case. 

Proof. Since ^l(g{Vs) is a sheaf, it reduces to the case that Vs is free over S. Choose an S'-basis 
ei, . . . ,6^ of Vs, and write a = X^iLi ^j^i with € BV^QpS". Since (p acts trivially on Vr, we 
see that (j3.2.1.ip admits a solution in Vr (>S>r (T^^^^^QpR) if and only if each Frobenius equation 

ip{bi) — g{a)bi = g{ai) admits a solution in TI^(>^q^R. Note that |(7(q!)^-'^| < \a^^\ < 1. It 

therefore follows from Lemma [2.2.11 that ()3.2.1.ip admits a solution in Vr 'S>r [TZ'^^q^R) if and 
only if M{R) — )• M{S) factors through M{S') which is the intersection of all M{a, Ui). Furthermore, 
in this case, the solution is unique. Let b be the solution of ()3.2.1.ip in Vs' 0s' {T^^r^Qp^')- Let 

L be a finite extension of K so that dJ-^ i{Vs) is free over B^-^ j;^0QpS. Choose a bJ-^ ^(gjQ^S'-basis 
of Dj;^,^(y5')- Since 

^b:.»,,§,,5' = Vs, ^s' (^f iQ.50, 

we may write b = Yli=i ^ifi with bi G T^'^^^QpS' . By Lemma r2.3.H we deduce that g{b) belongs to 

oj-g ];^{Vr) if and only if the map M{R) — > M{S') factors through M{S") which is the intersection of 
all M{S'{bi, s)). Furthermore, by the uniqueness of the solution of (j3.2.1.ip . we see that the image 
of b in ^llg l{Vs") is i?i^-invariant; hence it is in ^llg k(^S") Theorem 11.1.4( 4). Therefore we 
can take S{a, a) = S". □ 

By Lemma [1.3.2|, we see that (Djig(ys))'^=" is contained in DV(ys) for any a G 5 and s > s{Vs). 
Thus for any n > n{Vs), we have a natural map (L)J;g(V5))'^^" — > ^^{{^{Vs) via the localization 
map Ln. 

Proposition 3.2.2. Let a G S^. Then for any k > logp and n > n{Vs), the natural map 

{Bi^{Vs)r=^^D^^nys)/{t') 

is injective. 

Proof. Let a G (L)Jig(^s))'^^", and let be its image in B'^:^^ (Vs) / {t'') for any m > n(ys). Using 

the relation if (a) = aa and Proposition ll.3.3l f3). we get = a^~"^an. Thus if a„ = 0, then = 

for all m > n{Vs). This implies that t^\a by Proposition 11.3.51 2). Now suppose that a lies in the 
kernel of the map, and write a = t^a' for some a' G dI^^(Vs). It follows that (p{a') = p~^aa' . Since 

|(p~'^Q!)~-'^| = < 1, we deduce that a' = by Proposition 13.2.11 □ 

Proposition 3.2.3. For any integer n > n{Vs), positive integer k > logp \a^^ \ and a G D'^^P (Vs) / (t^) , 
there exists a Zariski closed subspace M{S{k,a,a)) of M{S) such that for any map g : S ^ R of 
affinoid algebras, g{a), which is an element of {Vr) / {t^) is contained in the image of the nat- 
ural map (Dtg(VR))'^=S'(°) -f D+f (VR)/(t*^) if and only if the map M{R) M{S) factors through 
M{S{k,a,a)). 
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Proof. It suffices to show that proposition in the case that Vs is free. Using Proposition 11.3.3^ 2). 
we choose a G Djig" (Ks') such that the image of Lm{a) in ^^[f"^ (Vs) / {t'') is a'"~"a for each m > n. If 
g{a) can be lifted to an element b of (Djig(VR))'^^^("), since (p(b) = g{a)b, by Proposition I1.3.3T 3). 
we see that the image of tm(^) in ^dii^(^R)/(^'') Then by Proposition I1.3.3T 2). 

we see that divides b - g{a) in Ii\Q'{VR). Therefore, we deduce that g{a) can be lifted to 
{^lQ-{VR)y=9^°'^ if and only if the equation 

{^-g{a)){g{a) + tH) = Q (3.2.3.1) 

has a solution b G Dj;g"(VR). A short computation shows that (j3.2.3.ip is equivalent to 

ph\^-p-^g{a))b = {^-g{a)){g{a)). 

By the construction of a, we see that divides ^{a) — aa in T>\Q'^^{Vs)- We thus get that (|3.2.3.ip 
has a solution in dV" (Vr) if and only if the equation 

- p-'g{a))b = g{p-H'\^{U) - g{U))) (3.2.3.2) 

has a solution in Dj-g""*"^ (^ij)- In fact, if b is such an solution, we have b G D^g" (^r) by Lemma ri.3.2[ 
The assumption implies that Kp^'^a)"^! = p^'^ja^^l < 1. It therefore follows from Proposition 13.2.1] 
that g{a) can be lifted to {^\^^{Vr)Y=3^°'^ if and only if the map M{R) M{S) factors through 
M{S{p-''a,p-H-^{ip-a){a))); thus we can take M(5(fc, a, a)) to be M{S{p-^a,p-^t-^{ip-a){a))). 

□ 

Corollary 3.2.4. For any integer n > n{Vs) and positive integer k > logp|a~^|, there exists 
a Zariski closed subspace M{S{k,a,n)) of M{S) such that for any map g : S ^ R of affinoid 
algebras, the R-submodule gi(J^^{piVs)/{t''))^) o/ (Djjj"(VR)/(t'^))^ is contained in the image of 
the natural map (D|:ig(yR))'^=9(")'r=i ^ {^^{[^ (Vr) / {t''))^ if and only if the map M{R) M{S) 
factors through Ad{S{k,a,n)). 

Proof Note that for any a G (D:^-{'' {Vs) / {t'')f , if g{a) can be lifted to (Djig(VR))^=^'(°), then the 
lift is P-invariant by Proposition 13.2.21 Thus we can take M{S{k,a,n)) to be the intersection of 
M{S{k,a,a)) for all a G (D+f (Fs)/(i''))^- □ 

Corollary 3.2.5. Keep notations as in CoroUary \3.2.4\ Then there exists a Zariski closed subspace 
M{S{k,a)) of M{S) such that for any map g : S ^ R of affinoid algebras, the R-submodule 
g{i^^[p(ys)/{t'^))^) of (D'^-^P (Vr) / {t'^))^ is contained in the image of the natural map 

Dlig(FH)^=^(")'^=' ^ {^t{nyR)/it')f (3-2.5.1) 

for all sufficiently large n if and only if the map M{R) — t- M{S) factors through M{S{k,a)). 

Proof. It is clear that we can take M[S{k,a)) to be the intersection of M{S{k,a.,n)) for all n > 
n{Vs). □ 
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3.3 Finite slope subspaces 

Theorem 3.3.1. The rigid analytic space X has a unique finite slope subspace. 

Proof. By Proposition 13.1.41 it suffices to treat the case that X = M{S) is an affinoid space. Let 

^' = nfe>iog^|«-i|M(5(/c,a)), 

and for each i > 1, let X'- be the Zariski closure of -'^p(j) = '~I*~qXq^_^.^. We claim that Xjg = 
Cii^iX'- is the finite slope subspace of X. First note that the decreasing sequence of closed sub- 
spaces X[ 5 X2 ■ ■ ■ becomes constant eventually because X is Noetherian. Hence Xjg = X[ and 
[Xfs)p(^i) = ^'p(i-) for sufficiently large i. This implies that {Xfs)p{i) is scheme-theoretically dense 
in Xfs for each i>l. This yields that Xfg satisfies (1) of Definition 10. 1.11 

Now suppose that g : M{R) — > X is a map of affinoid spaces over Qp which factors through 
Xqq) for every j < 0. It follows from Corollarv 11.5.31 that for each k > 1 and n > niVs), the 
natural map 

is an isomorphism. Hence (lO.l.l.ip is an isomorphism if and only if the natural map 

(Dt.g(y«))^=^*(°)'r=i ^ (D+f (3.3.1.1) 

is surjective for some (hence any) k >1. By Corollarv 11.5.31 the natural map 

is an isomorphism. Hence by Corollarv 13. 2. 4t the map (|3.3.1.1|) is surjective if and only if the map 
g : M{R) — >■ X factors through M{S{k,a,n) for each k > log^ \a~^\ by Corollarv 13.2.51 We thus 
conclude that (lO.l.l.ip is an isomorphism all sufficiently large n if and only if g : M{R) — )■ X factors 
through Xfg. This yields that Xfg satisfies (2) of Definition lO.lTTl □ 

Proposition 3.3.2. For any affinoid suhdomain M{S) of Xfg and positive integer k > log^ 
we have S{k, a) = S. As a consequence, we have that the natural map 

(Djig(^5))'^="'^=' ^ (D+f (F5)/(t'))^ 
is an isomorphism for all n > n{Vs)- 

Proof. Note that the finite slope subspace of Xfg is itself. We then deduce that {M{S))fs = M{S) 
since the formation of finite slope subspaces commutes with fiat base change. This yields that 
M{S) C M(5(/c,a)) following the construction of finite slope subspaces in Theorem 13.3.1) hence 
M[S) = M{S{k, a)). This yields the proposition. □ 

Theorem 3.3.3. Let AI(S) be an affinoid subdomain of Xfg. Then for any n > niys) and 
k > logp \oi^'^\ where the norm is taken in S, the natural map of sheaves 

(<(V5))^="'^=' ^ {^t^{ys)/{t')f 

is an isomorphisms. As a consequence, we have that {^l^^iVxi^))^^'^'^^^ is a coherent sheaf on 
Xfg. 
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Proof. By Proposition 13.3.21 it is clear that the natural map of sheaves 



is an isomorphism. By Proposition 11.4.51 we get that (^j!jg(V5))'^^"''"^^ is a coherent sheaf. This 
yields the theorem. □ 

Theorem 3.3.4. For any affinoid algebra R and morphism g : M{R) — ?> Xfg which factors through 
-^Q(j) every integer j < 0, the natural map 

is an isomorphism for all sufficiently large k. As a consequence, we have that {&lj^g{Vji))^^^*^°'^'^^^ 
is a coherent sheaf. 

Proof. We choose an admissible covering {M(5j)}jg/ Xfg by affinoid subdomains. Let {M{Rj)}j^j 
be a finite covering of M{R) which refines the pullback of the covering {M(5j)}jg/ on M{R). 
Suppose that M{Rj) maps to M{Si.) for each j £ J. Let A; be a positive integer such that 
k > \a~^\ where the norm is taken in the union of all Si-. Now for any affinoid subdomain 
M{R') of some M{Rj), we have that {^'^^ {Vr>) / {t^)f=^ = (D+f (y5,p/(t^))^=^ R' by Corol- 
lary 11.5.61 because M{R') maps to Xp(^i^y On the other hand, by Proposition 13.3.21 we have 

M{Si^,k) = M{Si^), yielding that the natural map (D^i^(V RO)^=^*^")'^=^ ^ (Ddif"(VR')/(*^))^ is 
surjective. Furthermore, it is injective by Proposition 13.2.21 so it is an isomorphism. Hence the nat- 
ural map {&li^{VRj)y^^*^°'^'-^^^ {^diP {^Rj) / is an isomorphism. This yields the theorem 
since both {&1^{Vr)Y=3'(''')'^=^ and {^dii" i^n) / are sheaves. 

□ 

Remark 3.3.5. Our finite slope subspace Xfg coincides with Kisin's constructed in [181 §5]. In 
fact, as noted in Remark 13.1.31 to characterize our finite slope subspaces, it suffices to test only 
Qp-artinian algebras R in Definition 10.1.1( 2). By the argument in ^18t (5.8)], the same holds for 
Kisin's finite slope subspaces. For such R, we have 

(Djig(^i?))^ = D+y^iVR) and (D+f(F^))r = Di^iVR) 

by [31 Theoreme 3.6] and |12[ Theoreme 3.9] respectively. Thus our condition (2) coincides with 
the counterpart of Kisin's in this case; hence the claim. 

4 Triangulation locus of families of j9-adic representations 
4.1 Vector bundles and r)-modules 

Definition 4.1.1. Let I be a subinterval of (0, oo]. By a vector bundle over 7^^ of rank d we mean 
a coherent locally free sheaf Mg of rank d over the product of the annulus Vp{T) G / with M{S) in 
the category of rigid analytic spaces over Qp. We call M| free if it is freely generated by its global 
sections. By a vector bundle Ms over TZs we mean an object in the direct limit as r — >■ of the 
categories of vector bundles over TZg. 
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For a subinterval /' of /, we denote by Mg the base change of to the product of the annulus 
Vp{T) € /' with M{S). If 5 — )• is a map of affinoid algebras over Qp, we set and M/j as 
the base changes of M| and Ms to the product of the annulus Vp{T) G I with M{R) and TZr 
respectively. For any x G M{S), we denote M^^^y by M^, M^ instead. By Lemma [2. 1.71 we 

get that = M^ (8)5 k{x); hence the natural map M^ — >■ is surjective. 

Remark 4.1.2. A locally free T^^^-module of rank d naturally gives rise to a vector bundle over 
IZ^g of rank d. The converse is also true when I is a closed interval. 

We will need the following lemma in §4.2. 

Lemma 4.1.3. Let M^ be a vector bundle overlZ^^. If I is closed, then there exists a finite covering 
of M(5) by affinoid subdomains M{Si), . . . , M{Si) such that M^^ , ■ ■ ■ , Mg, are all free. 

Proof This is [H Corollary 2.2.4]. □ 

Recall that there exists an isomorphism Bjjg = TZq^^ which sends [e] to 1 + T, and identifies 

■^rigQ^ with T^Qp. Using Proposition [2TT31 we henceforth identify Bj^j^ ^Qp^ with TZs, and equip 
the latter with the induced ip, F-actions. 

Definition 4.1.4. By a {ip,T)-module over TZs of rank d we mean a vector bundle Ds over TZs of 
rank d equipped with commuting semilinear ip, F-actions such that the induced map (p*Ds — )• Ds 
is an isomorphism as vector bundles. We call Ds free if the underlying vector bundle is free. 
The morphisms of (93, F)-modules over TZs ^-re morphisms of the underlying vector bundles which 
respect 93, F-actions. 

Let Ds be a (99, F)-module over TZs- It is clear from Definition 14. 1 .41 that for r sufficiently small, 
Ds is represented by a vector bundle Dg over TZg ^ such that the (/j-action maps D^g to Dg^^ and 

the induced map ip*{Dg) — > D^J^ is an isomorphism; we call such D'g representative vector bundles 
of Ds. 

Remark 4.1.5. Our definition of (93, F)-modules over 7^5 coincides with the notion of families of 
{ip,r) -modules over TZsj^, for K = (Qp defined in [TTj. 

Remark 4.1.6. If Vs is a locally free S'-linear representation of Gq^, then dI^^{Vs) is a {(p,T)- 
module over TZs with representative vector bundles dIi^^^\Vs). 

Remark 4.1.7. In the case when 5" is a finite extension of Qp, we have that Ds is free over TZs 
by the Bezout property of TZs', thus our definition is compatible with the classical definition of 
(93, F)-modules. 

For general 5, we have the following result. 

Proposition 4.1.8. The (ip,T)-module Ds is S-locally free. Namely, for any x € M{S), there 
exists an affinoid subdomain M{S') containing x such that Ds' is free over TZs' . 

Proof. Note that the vector bundle Ds together with its 99-action is a family of ip-modules over 
7^5 in the sense of [20^ Definition 2.1.12]. We thus deduce the proposition from |201 Corollary 
2.2.10]. □ 
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Lemma 4.1.9. Suppose that L is a finite extension o/Qp. Let D be a {lp,T) -module overTZi, and 
let E he a {ip,T)-sub'module of D. Suppose that and E"^ are representative vector bundles of D 
and E for some r > 0. Then we have E^ C . As a consequence, we get that D has at most one 
representative vector bundle over for any r > 0. 

Proof. Let d = (di, ci„) be an 7^£-basis of D^', and let e = (ei, . . . , Cm) be an 7^'£-basis of E'^ . 
Since D"^ and E'^ are representative vector bundles, it follows that there exist invertible matrices 
A and B over TZ^/^ such that <^(d) = dA and ip{e) = eB. We write e = dC for some n x m 
matrix C over TZl- Thus dCB = eB = ^(e) = ip{d)ip{C) = dA^{C), yielding CB = A^{C). 
Hence y?(C) = A~^CB. Now suppose that C is over 7^|^ for some s > 0. If s < r/p, we get that 
if{C) = A~^CB is over TZ^^, yielding that C is over TZ^ ■ Iterating this argument, we get that C is 

over 7^2^^. Thus </?(C) is over TZ^^, yielding C is over This implies E^ C D'. □ 

Lemma 4.1.10. Suppose that L is a finite extension o/Qp. Let D be a {ip,T)-module over TZl, 
and let E be a {ip,T)-submodule of D. Let and E'^ be representative vector bundles of D and E 
for some r > 0. Then E is saturated in D if and only if E"^ is saturated in . Furthermore, if 
this is the case, then E'' = D^'CiE and D'' /E"^ is the representative vector bundle overlZ\ of D/E. 

Proof. It suffices to show that if E is saturated in D, then E'^ = D'^ n E and V jE'^ is a rep- 
resentative vector bundle of D/E. By Lemma 14.1.91 have E^ <^ E (1 . This implies 
rank7^r(£' n D^) > rankT^r; i?^ = ranki?. On the other hand, since D'^/{E n D'") generates 
D/E, we have i<mkni{D'' / [E n D"")) > vank{D/E) = rankD - rank^;. Since rankT^r n D'') + 
rankTjr {D"' /{E n D"')) = rankT^r D^ = rankZ), we deduce that rankT^r {E n D"') = ranki? and 
rankT^r (D7(£; n D"")) = rank(l//S). We claim that E r\ D'' and D''/{Er\D'') are representative 
vector bundles of E and D/E respectively. First note that the natural map (-D''/ {Er\D'^))®'jir^TZL — >■ 
D/E is surjective; hence it is an isomorphism because both sides have the same rank. This yields 
that the natural map {Er\D^)®-Tir^TZL E is also an isomorphism. Consider the following diagram 

^ <f*{E n D' ) ^ <f*{D'') ^ <f*{D'-/{E n D' )) ^ 



^ {E n L>0 (^ni TZ^l'^ ^ D'-I-P ^ D'-'p/{{E n <^ni TZ^t) ^ 0. 

The middle vertical map is an isomorphism. Thus the right vertical map is surjective; hence it is 
an isomorphism. Hence the left vertical map is also an isomorphism. This yields the claim. We 
then deduce the lemma from Lemma l4. 1.91 □ 

Proposition 4.1.11. Let Dg be a (ip,T)-module over TZs of rank d, and let Es be a {ip,T)- 
submodule of Ds of rank di . Suppose that Eg C D'^ are representative vector bundles of Es and 
Ds respectively. If Ex is a saturated {ip,T)-submodule of D^ for every x E M{S), then D'^/Ng is 
a vector bundle over TZ^ of rank d — di. As a consequence, Ds/Es is a {ip,T)-module over TZs of 
rank d — di. 

Proof. It suffices to show that E^. is a saturated 7?-^,^^.|-submodule of D^. for every x € M{S); this 
follows from Lemma l4.1.10i □ 
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Let ^{S) be the set of continuous characters 5 : ^ . For any S G ■^{S), we define the 
rank 1 (</?, r)-module TZsiS) over TZs by setting the F-actions as 

ip{av) = ip{a)d{p)v and ^{av) = "y{a)S{x{'y))v 

for a generator and any a G 7^5,7 G F; such a generator u is called a canonical basis of TZs{5). 
We set L>5(5) = i^s ®7es 

Definition 4.1.12. We call trianguline if it admits a filtration 

= Filo(L>5) C Fili(L>5) C • • • C Fild_i(L>5) C FiUiDs) = Dg 

by F)-submoduIcs over 7^.5 such that each successive quotient Filj(I?5)/Filj_i(D5) is of the 
form TZsi^i) 0s M where 6i € S/'{S) and M is a locally free S'-module of rank 1 (with trivial 
y?, F-actions); any such a filtration {Fi\i{D s))o<i<d is called a triangulation of Ds, and {6i)i<,i<d is 
called the parameters of this triangulation. We call a locally free S'-linear representation Vs of Gq^ 
trianguline if dI^^{Vs) is a trianguline ((^, F)-module over T^-g. 

Notation 4.1.13. Let Ds be a (99, F)-module over TZs- For any 5 € <^(<S'), we denote by Dg the 
S-submodule of a G -D5 such that ip{a) = 5{p)a and 7(a) = 6{x{^))a for 7 G F. 

4.2 Triangulation locus 

Definition 4.2.1. Let A be a commutative ring with identity, and let M be a free ^-module of 
rank d. 

(1) We call m e M saturated if M/ (Am,) is a free 74-module of rank cZ — 1, or in other words, if 
one can extend the set {m} to an ^l-basis of M. 

(2) Let m G M be saturated, and let n G A*M for some 1 < i < d. Suppose that m A n = in 
A*+^M. Then there exists a unique n G A*^^(Af//lrn) such that the wedge product of any 
lift of n in A*"^M and m is equal to n; we call n the quotient of n by m. 

(3) Let nii G A*M for 1 < z < d. We say that the sequence mi, . . . forms a chain in M if 
there exists an A-basis ei, . . . , of M such that mj = ei A • • • A Cj for all 1 < i < cZ. In this 
case, the filtration 

Fili(M) = Span of {ej}o<j<i, 1 < i < d - 1, Fild(M) = M, 

which is independent of the choice of the basis {ei, . . . , e^}, is called the associated filtration 
of the chain mi, . . . , nid- 

The following lemma is clear. 

Lemma 4.2.2. The sequence mi, . . . , m^ forms a chain in M if and only if the following hold. 

(1) mi is saturated. 

(2) mi A mj = for each 2 < i < d. 

(3) The sequence of quotients of 1712, ■ ■ ■ ,md by mi forms a chain in M/AM. 
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Lemma 4.2.3. Suppose that A is a Bezout domain and each nii is saturated in A*M. Let B be a 
commutative ring containing A. Then the sequence mi, . . . ,mrf forms a chain in M if and only if 
it forms a chain in M ®a B. 

Proof. We only need to show the "if" part of the lemma. For this, we proceed by induction on d. 
The initial case is trivial. Suppose that the it is true for d = k — 1 for some k > 2. Now suppose 
that rankM = k and the sequence mi, . . . ,mfc forms a chain in M (8) a B. It is then clear that 
mi A rui is equal to in A*"'"^(M (8)yi B) ; hence it is equal to zero in A*M since the natural map 
M — >■ M®aB is injective. Furthermore, the quotient of m^ by mi is saturated in A*~^(M/^mi) by 
the Bezout property of A. We therefore conclude from Lemma [4.2.2l and inductive assumption. □ 

Lemma 4.2.4. Let L he a finite extension ofQp, and let V he a {ip,T)-module over TZl of rank d. 
Then the following are true. 

(1 ) Letae for some 6 G '"^{L). Then a is saturated in D if and only if it is saturated in . 

(2) For 1 < i < d, let Ai £ S^[L), and let Oj € {A'^D)^\ Then the sequence ai, . . . ,0^ forms a 
chain in D if and only if it forms a chain in . 

Proof. For (1), suppose that a is saturated in D. The condition (p{a) = S{p)a implies that a € D^. 
Note that T^^a is the representative vector bundle over of the rank 1 saturated {ip, r)-submodule 
TZlo. We then deduce (1) from Lemma [4.1.101 For (2), suppose that the sequence ai, . . . , forms 
a chain in D. Then each Oi is saturated in A*!)'' by (1). We thus deduce that the sequence ai, . . . ,ad 
forms a chain in by Lemma |4.2.3[ □ 

Now let S be an affinoid algebra over Qp. 

Lemma 4.2.5. Let I be a closed suhinterval of (0,oo], and let Mg he a vector bundle over IZg of 
rank d. For 1 < i < d, let ai £ A*M| such that its image in A*M^ is saturated for any x € M{S). 
Then the set of x £ M{S) at which the image of the sequence oi, . . . ,ad forms a chain in is a 
Zariski closed subset of M{S). 

Proof. We proceed by induction on d. The initial case is trivial. Suppose that the lemma is true 
for d = k — 1 for some k > 2. Now suppose that Mg has rank k. Since the image of oi in is 
saturated for any x G M{S), we get that M^/TZgUi is a vector bundle over TZg of rank k — I. Since 
/ is a closed interval, using Lemma [4.1.31 we may suppose that M| and M^/7^^0l are free over TZo 
by restricting on a finite covering of M{S) by affinoid subdomains; thus ai is saturated in M|. It 
is then clear that for each 2 < i < k, the set of x G M{S) at which the image of oi A in A*+^M^ 
is zero forms a Zariski closed subset M[Si) of M{S). Furthermore, we have oi Aoj = in A*^^M^. . 
Let M{S') be the intersection of all M{Si), and let 6j G A^~^{Mg, /Tlg,ai) be the quotient of Oj by 
ai. By the Bezout property of T^l.^^y we get that the image of hi in A*~^((M|,/7^^,ai) (8>7^/^ ^iix)") 
is saturated for any x G M{S'). By Lemma [4.2.21 we see that the desired subset of M{S) is the set 
of X at which the image of the sequence 62, • • • , ^fc forms a chain in (M|,/7^^,ai) ^ '^fc(x)' 
therefore conclude the case d = k from the inductive assumption. □ 

Lemma 4.2.6. Let Ds he a {ip,T)-module over TZs of rank d. For 1 < i < d, let Ai G £/'{S), 
and let ai G (A*D)^' such that it generates a saturated rank 1 {ip,T)-submodule in A^-D^ for any 
x G M{S). Then the set of x £ M{S) at which the image of the sequence ai, . . . , forms a chain 
in Dx is a Zariski closed subset of M{S). 
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Proof. Let be a representative vector bundle over 7^^ of Ds- We may suppose that € 
for all 1 < i < d by shrinking r. It follows from Lemma 14.2.4( 2) that the sequence ai, . . . , forms 
a chain in Dx if and only if it forms a chain in D"^. By Lemma 14.2.31 we further deduce that the 
sequence ai, . . . ,ad forms a chain in D!^ if and only if it forms a chain in Dx''^^ ■ The lemma then 
follows from Lemma 14.2.51 □ 

Now let X be a separated rigid analytic space over Qp, and let Vx be a locally free O^- 
module of rank d equipped with a continuous Ox-linear GQ^-action. For each 1 < i < d, let 

: Qp 0{X)^ be a continuous character, and let Mj be a locally free Ox-module of rank 1 
contained in (^tg(A*Vx))^'. Suppose that each Mj generates a rank 1 saturated ((/?, r)-submodule 
in A*Djjg(K) for any x e X. 

Definition 4.2.7. For any x G X, we say that the sequence Mi, . . . , forms a chain in Djjg(V^) 

if a (hence any) sequence of generators of the images of Mj's forms a chain in Dj-g(T4.). We call 
the set of such x the triangulation locus of the family of p-adic representations Vx with respect to 
{Mi,...,Md). 

The following is the main result of this section. 

Theorem 4.2.8. The triangulation locus ofVx is a Zariski closed subset of X. Furthermore, for 
any affinoid subdomain M{S) of the triangulation locus, these Mi 's give rise to a triangulation of 
Djig(^s) with parameters (Ai/Ai_i)i<j<d. 

Proof. For the first statement of the theorem, by restricting on an admissible covering of X by 
affinoid subdomains, we may suppose that each Mj is free. It then follows immediately from from 
Lemma 14.2.61 

Now let M{S) he an affinoid subdomain of the triangulation locus of Vx- Suppose that Dj;g(V5') 
is defined for some s > 0. Let M^ = Mi for each i. Let Ei = ^ (E)s 'R-s- Note that {Ei)x 
is a rank 1 saturated r)-submodule of T)\-^J^x) for any x G M{S). By Proposition I4.1.1T| the 
quotient Di = Y)\-^^{Vs) / Ei is a (v?, r)-module of rank d — 1 over T^.^ with representative vector 
bundle D{^''^ = D\f^{Vs) / E{^'^ over 7^^^'^ where E^'^''^ = M^^ (^s'R-s'^- Since M{S) is contained in 
the triangulation locus, we have Mf ^ A M^ = in A'T)]- (Vs) for all 2 < i < d. By Lemma HXSl 



we choose a finite covering {M(5j)}jgj of M{S) such that all M-^-'^s are free on each M{Sj) and 
all the vector bundles Z)[''(")/P'/'(")1 O jiM'^M'^^ are free. Taking the quotient of ^ 

by M^'^ on each piece of the covering and gluing back, we get the quotient M-^'' of M-^"^ by Mf'\ 
which is a rank 1 locally free 5-submodule of /\^d^p^^')/P'P^^^\ Note that for any m € M^^\ we have 
ip{m) = {Ai/ Ai){p)m. This implies that m can be extended to a global section of D'^^\ Hence 
^(1) ^ ^^i-i^^^A,/Ai all 2 < i < d. 

We then iterate the above procedure as follows. Suppose that after the i-th. step, we have a 
r)-module Di over TZs of rank d — i with representative vector bundle D^^'^^ over 7^^^^^ and rank 
1 locally free S'-submodules Afj*^ of (A''~*Dj)^j/^' for i + 1 < i < d such that the image of the 

sequence M^^^, . . . ,M^'' forms a chain in {Di)x for any x € M{S). Let -Ej+i = Mj+i (8)5 7^5, and 
let -Dj+i = Di/Ei which is a r)-module over IZs of rank d — i — \. By a similar argument as in 
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the first step, for each i + 2 < j < d, we get the quotient M^"^_-^ of by which is a rank 

1 locally free 5-submodule of {A^-^-^Di)^i/^'+K 

Now let Fili{Dl,^{Vs)) = ker(Dtg(y5) ^ A). It is then clear that iFili{Dl,^{Vs)))o<i<d is 
a triangulation of F>l^^{Vs) with successive quotients Filj_|_i(Djjg(V5))/Filj(Djjg(V5)) = Ei for all 
< i < d — 1. The yields the second statement of the theorem. □ 

We need the following lemma in §5. 

Lemma 4.2.9. Let Vs be a locally free S-linear representation of Gq^ of rank d. Let 5 G £/'{S), 

and let a G {D\-^^{ys)Y ■ Then the set of x G M{S) at which the image of a in Dj;g(14.) generates a 
saturated rank 1 {(p,T)-submodule is Zariski open in AI(S). 

Proof. Let s = s{Vs). It follows from [10, Remarque 3.3] that a generates a saturated (97, L)- 
submodule in Djjg(yj:) if and only if a is not divided by t in Djjg(I4). Let a„ be the image of a in 
Dgg^(y5') for n > n{Vs). Using Proposition I1.3.3r 2). it suffices to show that the set of x G M{S) 
at which the image of a„ in Dgen(Kc) is nonzero forms a Zariski open subset; this is clear since 
Dggjj(Vs') is a finite locally free S-module. □ 



5 Applications 

5.1 Weakly refined families 

From now on, let X be a separated and reduced rigid analytic space over Qp. Following Bellaiche- 
Chenevier [2], we introduce refined families of p-adic representations as follows. Our definition 
is slightly stronger in the sense that we assume our families to be arithmetic families of p-adic 
representations, not just pseudocharacters as in their definition. 

Definition 5.1.1. A family of weakly refined p-adic representations of dimension d over X is a 
locally free coherent Ox-module Vx of rank d equipped with a continuous Ox-hnear GQ^-action 
and together with the following data 

(1) d analytic functions ki, . . . , G 0{X), 

(2) an analytic functions F G 0{X), 

(3) a Zariski dense subset Z of X, 
which satisfy the following requirements. 

(a) For every x G X, the Hodge- Tate weights of Vx are, with multiplicity, ki(x), . . . , Kd{x). 

(b) If z £ Z, then Vz is crystalline. 

(c) If z G then Ki{z) is the smallest weight of Vz- 

(d) If z £ Z, thenp''i(^)F(z) is an eigenvalue of ip acting on -Dcrys(^)- 

(e) For any non-negative integer C, let Zc be the set 

{z G Z,Kn{z) - Ki{z) > C, Vn G {2, . . . ,d}}. 
Then Zq accumulates at any z £ Z for all C. 
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(f) There exists a continuous character xi '■ ~^ 0{X)^ whose derivative at 1 is the map ki 
and whose evaluation at any z G Z is the elevation to the Ki(z)-th power. 

Prom now on let Vx be a weakly refined family of p-adic representations of dimension d over X 
with Ki = 0. Suppose that the Sen's polynomial for Vx is TQ(T) with Q{T) G 0{X)[T], and let 
^'« = n5=oQ(-i)fori>l. 

Lemma 5.1.2. The following are true. 

(1) If X £ Xpi^j^^ for some positive integer k, then dim(Djjf"(T40/(^^))^ ^ 1- 

(2) For any zeZ, we have dim{I)l^{V:,))^=^'^^^'^=^ > 1. 

(3) For any z £ Z, if Vp{F{z)) < Ki{z) for all i > 2, then dim{Dl-^{V^))'^=^^''^'^=^ = 1. Fur- 
thermore, for any positive integer k such that Vp{F{z)) < k < Ki{z) for all i < 2, the natural 
map 

i^Uv.)r=^^'^'^=' ^ (D+f (5.1.2.1) 

is an isomorphism. 

Proof For (1), by Corollary [JXl we have that the map (D+f ^ (Pseni^x)f is an 

isomorphism. Furthermore, since ni{x) = is a multiplicity-one root of the Sen's polynomial for 
Dsen(^x), we get dim(Dg^jy,))r < 1; hence dim(D+f < 1. For (2), since = 0, we 

get that the Hodge- Tate weights of Vz are all nonnegative. Hence by Berger's result Theoreme 
3.6]), we have 

dim(Djig(K))^=^(^)'r=i = dim(I)„ys(K))^=^(^) > 1. 

For (3), since k > Vp{F{z)), we get the injectivity of (|5.1.2.ip by Proposition 13.2.21 On the other 
hand, since k < ki{z) for 2 < i < d, we have z G ^p(fc)- Hence diin(D'^.^P{Vz)/{t''))^ < 1. We 
thus deduce from (2) that dim(D|;.g(T4))'^=^(^)'r=i = dim{B~^^P (Vz) / it'')f = 1 and (|5.1.2.1I) is an 
isomorphism. □ 

Proposition 5.1.3. The finite slope subspace of X with respect to {Vx,F) is X itself. 

Proof. Since Z is Zariki dense in X, it suffices to show that Z C Xfs- For any z G let M{S) be 
an affinoid subdomain containing z. Let /c be a positive integer so that p^ > \F^^\ in 5; hence k > 
logp \F{x)-^\ = Vp{F{x)) for any x G M{S). Let z' G ZfcnM(5). Since ki{z') >k> Vp{F{z')) for all 
2 > 2, by Lemma[5X2l3), we have that the natural map (D^ (y^,))^=-'"(^'),r=i ^ (D'^^{Vz')/{t'')f 
is an isomorphism; hence z' G M{S{k, F)) by Corollarv l3.2.4[ Since Zf^ n M{S) is Zariski dense in 
M{S) by Definition 15. 1 . 1 f el . we find that S{k,F) = S for all k > logp Furthermore, for any 

i > 1, since Zi C Af(S')p(j), we get that M(5')p(j) is Zariski dense in M{S). We therefore conclude 
M{S)fs = M{S) following the construction of finite slope subspace; hence z G M{S)fs, yielding 
z G Xfs. □ 

The following theorem follows immediately from Proposition 15.1.31 and Theorem 13.3.31 

Theorem 5.1.4. Let M{S) he an affinoid subdomain of X, and let k be a positive integer so that 
k > logp l-F^^I- Then the natural map 

(^iig(V5))^=^'^=' ^ i^^^rm/{t')f 

is an isomorphism. As a consequence, we have that (^J; (Vx))^""'^"^ is a coherent sheaf on X . 
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Definition 5.1.5. We call x E X saturated for Vx if it satisfies the following two conditions: 

(1) (^j'ig(Vx))'''^"'^^^ is locally free of rank 1 around x; 

(2) the image of {&l[g{Vx))'^^'^'^^^ in Dj;g(T4) generates a rank 1 saturated r)-submodule. 
We denote by Xg the subset of saturated points of X. 

Proposition 5.1.6. Let M{S) be an affinoid subdomain of X, and let k be a positive integer so 
that k > logp Then the following are true. 

(1) For any x G M{S)p(j.-^, the natural map 

(Djig(K.))^=''^^^'^=' ^ (D+f (5.1.6.1) 

is an isomorphism. 

(2) For any x € M{S)p(^i^^, the natural map 

CDUys)r=^'^=' ®5 Kx) ^ (Djig(y,))^=^(-)'r=i (5.1.6.2) 

is an isomorphism. 

(3) For any x G M{S), we have <liTn{{'Dy^{Vs)y='''^=^ ®s Hx)) > 1- 

(4) For any x £ M{S)p^k), we have dim(Djjg(K))^=-^^''^'^=^ = dim(D+f (K)/(i''))^ = 1- 
Proof. Consider the following diagram 

i^UVs)r=^'^=' Kx) ^ iD+^nVs)/{t'^)f k{x) 

(Djig(y.))^=^(-)'^=^ (D+f (K)/(t'=))". 

The upper horizontal map is an isomorphism by Proposition 15.1.31 and Proposition 13.3.21 The 
right vertical map is an isomorphism by Corollary 11.5.61 The lower horizontal map is injective by 
Proposition 13.2.21 Thus the lower horizontal map and left vertical map are all isomorphisms. This 
yields (1) and (2). 

We first prove (3) for x = z £ Z . By (2) and Lemma l5. 1.2( 3). for any z' S n M{S), we have 
dim((Djig(ys))'^"^''^"^ ®s k{z')) = L Since n M{S) is Zariski dense in M{S), we deduce that 
dim((Djig(ys))^"^''^"^ (S>s k{x)) > 1 for any x £ M{S); in particular, we get 

dim{{Dl,^iVs)r=^'^=' ®s k{z)) > 1. 

Thus the coherent sheaf (^j''ig(Vx))^="'^=^ satisfies {^lg{Vx)y=°''^='^ k{z) / for any z € Z. 
Since Z is Zariski dense in X, we get that i^lgiVx))'^""'^"'^ k{x) / for all x eX. 

For (4), on one hand, we have dim{D'^^P (Vx) / {t'^))^ < 1 by Lemma [5. 1.2( 1). On the other hand, 
we have dim(Dj. (y^))'^=^(^)'r=i > 1 by (2) and (3). We then deduce (4) from (1). □ 
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Proposition 5.1.7. The subset of saturated points Xg is Zariski open in X. 

Proof. By Proposition 15.1.61 3). we see that the condition (1) of Definition 15.1.51 cuts out a Zariski 
open subset X' of X. Tlien condition (2) of Definition 15.1.51 cuts out a Zariski open subset in X' 
by Lemma 14.2.91 □ 

Proposition 5.1.8. For x ^ X, Let k = max{[vp(F{x))],0} + 1. If x & Xp^f.-j, then x G Xs and 

dim(Djig(T4))'^=^(-)'r=i = 1. 

Proof. Since k > Vp{F{x)), we can choose an affinoid neighborhood M{S) of x such that k > 
logp in S. By Proposition[5X6](2) and (4), we then deduce that x satisfies Definition 15.1.5( 1). 
By Corollary 1 1.5. 6 1 we have that the map {D'^^'^ (Vx) / {t''))^ — )• (Dggj^(I4))^ is an isomorphism. Thus 

by Proposition [5T6](1) and (2), we deduce that the map {bI-^{Vs))'^=^'^='^ (^s K^) ^ {^Seni^x)f 
is an isomorphism, yielding that x satisfies Definition 15.1.5( 2). □ 

Corollary 5.1.9. The subset of saturated points Xg is scheme-theoretically dense in X. 

Proof. For any affinoid subdomain M{S) of X, we choose a positive integer k such that k > 
logp|F~-^| in S. It then follows from Proposition 15.1.81 that M{S)p(j.'^ C Xg. Since M{S)p(i^-^ is 
Zariski dense in M{S), the corollary follows. □ 

Proposition 5.1.10. For any x £ X, i/ dimfc(^)(Djig(yj"'))^=-^(^)'r=i = 1, then ^Jig(Vx))'^=^'^=^ 
is locally free of rank 1 around x and and the natural map 

4g(^x)'^=^'^=' ^ k{x) ^ (Djig(T4))'^=^(-)'r=i 

is an isomorphism 

Proof. Using [21 Theorem 3.3.3], we get that for all ideal / of cofinite length of O^:, D^j.y^(Vx / IVx)"^^^ 
is free of rank 1 over Ox/F Furthermore, we claim that if /' D / is another ideal of O^, then the 
natural map 

D+^,{Vx/IVxr=^ ^ D+^,{Vx/l'Vxr=^ 
is surjective. In fact, since -D^ys is left exact, we have the following exact sequence 

^ Dty,{l'Vx/IVxr=^ ^ D+y,{Vx/IVxY=^ ^ D+y,{Vx/l'Vxr=^. 

On the other hand, by assumption, we get dim^j-^.) L)+yg(T4)'^^^(^') = 1. One easily deduces that 

dim,(,) Dt,y^{rVx/IVxY=^ < dim,(,) F/F 

This yields the claim. 

Now we choose an affinoid neighborhood M{S) of x, and choose a positive integer k > logp |a~^| 
where the norm is taken on M{S). Hence the natural map (DligiVs)Y=^'^=^ (PdU (^s) / it'')f 
is an isomorphism by Theorem 15. 1.41 Since Ox is fiat over S, we deduce from Lemma ll.4.4l that 

{^t^iVs)/{t')f 05 Ox = (D+f 05 Oxf. 
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Since ^^{p (Vs) / {t'') is finite locally free over 5 and Ox = |im5'/m'^, we get 

(D+f (V5)/(t') ®5 Oxf - |im(D+.f S/mif - |im(D+.f (l-5/mLl-5)/(t'))^ 



Now consider the following commutative diagram 



ngv 

I I 



By the previous paragraph we know that ^\m {D\-^^(Vs I xVi^Vs)Y ^ is a free rank 1 Oa;-module. 

Since the top horizontal and the right vertical maps are all isomorphisms, we get that the left 
vertical map embeds ^\i„{ys)Y^^'^^^ ®s Ox as a direct summand of ]\m. {T)\- [Vs /ml'^Vs)Y^^'^^^ ■ 



rig \' J / J •<~^ o ~ X — ^ \ ng \ 

I 

Since (Mmi^(^x){(J^\ig{ys)Y^^'^^^ ®s k{x)) > 1, by Nakayama lemma, we conclude that the left 
vertical map is an isomorphism. This implies that the natural map 

is an isomorphism. □ 

The rest of this subsection is devoted to develop some blow-up techniques which will be used in 
§5.3. Let TT : y — >■ y be a proper and birational morphism of separated and reduced rigid analytic 
spaces over Qp. Here birational means that for some coherent sheaf of ideals H, the complement 
U of the closed subset V{H), which is defined by H, is Zariski dense in Y, the restriction of vr 
to -K^^{U) is an isomorphism, and 7r~^([/) is Zariski dense in Y'. Let be a coherent sheaf of 
Ox-modules. If H' is the coherent sheaf of ideal defined the closed subset it~^{V{H)) of X', then 
the strict transform N' of by vr is the quotient of 7r*A^ by its ff'°°-torsion. The following Lemma 
is |2l Lemma 3.4.2]. 

Lemma 5.1.11. Let Y be a separated and reduced rigid analytic space over Qp. If M is a torsion 
free coherent sheaf of modules over Y , then there exists a proper and birational morphism Y' ^Y 
of rigid analytic spaces with Y' reduced such that the strict transform of M by it is a locally free 
coherent sheaf of modules N over Y' . More precisely, we may choose vr to be the blow-up along a 
nowhere dense closed subspace of the normalization ofY. 

In the rest of this subsection let y be a separated and reduced rigid analytic space over Qp, 
and let Vy be a locally free coherent Oy-module of rank d equipped with a continuous Oy-linear 
G(Qp-action. We denote by dn the rank of S^'^^^ {Vy) / {t^) as a locally free Oy-module. 

Lemma 5.1.12. If tt : Y' Y is a proper birational morphism with Y' reduced such that the strict 
transformations of {&^^^{VY)/{t'')f and {^tiP i^r) / {t^)) I {^tiP i^v) / {t'')f by t: are locally free 
of rank c and d^ - c respectively, then (^^f"(VV')/(i''))^ and {&t{pi'^Y')/{t^))/{2tiPi^Y')l{t^)Y 
are locally free of rank c and dn — c respectively as well. 
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Proof. Suppose that vr is an isomorphism on a scheme-theoretically dense subset V of Y' . Let T>i 
and P2 be the strict transformations of {^^f (Vy) / {t'')f and i^^f {Vy) / (t'')) / {^^f {Vy) / it'')f 
by TT respectively. Note that both of {Vy>)/{t'')f and {&^i''{Vy>)/{t''))/{&^['{Vy ')/{/) f 

are torsion free coherent sheaves. Hence the natural maps 

^*i{^^t{Vy)/{t')f) ^ {^^r{Vy,)/{t'^)f 

and 

factor through &i and ^2 respectively. Similarly, the natural map 

factors through To conclude, consider the following commutative diagram 

&1 -Vr*(^+f 



where the top sequence satisfies that the second map is surjective and the composition map is zero. 
Note that the natural map &i — )• i^^^i'p (Vyi) / (t^))^ is an isomorphism on 7r~^{7r{V)r]U). It follows 
that the cokernel of the natural map 

(^dtr(^y')/(i'))^ ^ ^2 

supports on Y'\7r~^{7r{V)riU), which is a nonwhere dense closed subspace of Y'; hence the cokernel 
is zero because ^2 is locally free and Y' is reduced. This yields that the map 

&2 ^ (^dtr(^y')/(i'))/(^dtr(^>")/(i'))^ 

is an isomorphism; thus i&dif'i^Y')/{t''))/{^^^f'(yy>)/{t'')f is locally free of rank d„ - c. This 
yields that {&dii'(.^Y')/{t'')f is locally free of rank c. □ 

Lemma 5.1.13. Let a G 0{Y)^ . Suppose that Yfg = Y with respect to the pair {Vy,a). If 
TT : Y' ^ Y is a proper birational morphism with Y' reduced, then the finite slope subspace of Y' 
with respect to {Vy',TT*a) is Y' itself. 

Proof. It is clear that Y' satisfies Definition 10.1.1( 2). Furthermore, since vr is birational and Y' is 
reduced, we get that Y' also satisfies Definition 10.1.1( 1). □ 

Lemma 5.1.14. Keep assumption as in Lemma \5.1.13[ Moreover, suppose that the spectral 
norm of is less than p^ for some positive integer k. If Y' ^ Y is a proper and bira- 
tional morphism with Y' reduced such that the strict transformations of i&^if' (Vy) / {t''))^ and 
i^dif^i^y)/i^^))/i^dii^i^y)/i^''))^ ^''"^ locally free of rank c and dn — c respectively, then 

i^ligi^Y'))^^^*"''^^^ is locally free of rank c and the natural map 

{4r,iyy')r=^*'''^=' ® Hy) ^ Dj.g(n) 

is infective for any y ^Y' . 
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Proof. By Lemma 15.1.131 we know that Yj^ = Y'. Since k > log^ \a we have that the natural 
map 

is an isomorphism by Theorem 13.3.31 Thus {^l[g{VY'))'^^^'^^^ is locally free of rank c by Lemma 

15.1.121 Furthermore, since (^.Jf (^y )/(i''))/(^ir(^y')/(*''))^ is also locally free by LemmaEXHl 
we have that 

is injective for any y gY' . This implies that 

is also injective. □ 
5.2 Refined famifies 

Definition 5.2.1. Let L be a finite extension of Qp, and let V he a, d-dimensional crystalline 
L-linear representation of Gq^ such that the crystalline Frobenius acting on DcrysiV) has all its 
eigenvalues in L^. 

(1) By a refinement of V we mean a (/9-stable L-filtration F = {J~i)o<i<d of Dcrys(^): 

(2) Suppose that the Hodge- Tate weights of V are ki < k2 ■ ■ ■ < kd- We say that the refinement 
J-" is noncritical if 

D,rys{V) = e Fil'='+l(Dcrys(l^)) (5.2.1.1) 

for all 1 < i < d. 

(3) We denote by (pi the eigenvalue of 99 on TijTi-x. We say that the refinement T is regular if 
for any 1 < z < d, (/^i • • • is an eigenvalue of 99 on L'crys(A*y) of multiplicity one. 

The refinement T gives rise to an ordering . . . , ipd) of the eigenvalues of 97 on L'crys(^)- If 
all these eigenvalues are distinct such an ordering conversely determines T . The refinement T also 
gives rise to an ordering (si, . . . , s^) of {/ci, . . . , A:^}, defined by the property that the jumps of the 
Hodge filtration of Dcrys(^) induced on Ti are (si, . . . , Sj). It is clear that T is noncritical if and 
only if the associated ordering of the Hodge- Tate weights is (fci, . . . , kd)- 

Recall that we have Dcrys(^) '^L '^l[1A] = Drig(^)[lA] by Berger's comparison result. We set 
Fili(Dtg(y)) = [Ti ®L 7^L[l/i]) n Dtg(y) for O < i < d. As showed in [2, §2.4], the map 

[Ti\<i<d ^ (Fil,;(Djig(l/)))o<i<d 

gives rise to a natural bijection between the set of refinements of V and the set of triangulations of 
Djjg(y). More precisely, if we choose an L-basis vi, . . . ,Vd of Dcrys(^) so that = ®*=iL • Vj for 
1 < i < d, then 

FUBl^iV)) = (B]={Rl ■ (t-'^v,). (5.2.1.2) 

It follows that under this bijection the parameters of the triangulation (Filj(Djjg(F)))o<i<d is given 
by Si{p) = ipiP~^^ and 5i\Y = x~^' for ah 1 < f < d. 
The following lemma is then clear. 
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Lemma 5.2.2. For 1 < i < d, we have that = {t ^^wi) A - • • A(t ^^Vi) is saturated in A^{dI^^{V)) 
and belongs to {A'I)l.^{V)y='^^-'^'P ■'>i=x ^ . Furthermore, the sequence mi, . . . , 

forms a chain ofT)l^^{V) and its associated filtration is the triangulation associated to T. 

Following Bellaiche-Chenevier [2], we introduce refined families of p-adic representations as 
follows. Again, we assume our families to be arithmetic families of p-adic representations, not just 
pseudocharacters as in Bellaiche-Chenevier's definition. 

Definition 5.2.3. A family of refined "p-adic representations of dimension d over X is a locally free 
coherent Ox-niodule Vx of rank d equipped with a continuous Ox-linear GQ^-action and together 
with the following data 

(1) d analytic functions ki, . . . , n^i ^ C'(X), 

(2) d analytic functions Fi, . . . ,F(i € 0{X), 

(3) a Zariski dense subset Z of X, 
which satisfy the following requirements. 

(a), (6) as in Definition 15.1.11 

(c) U z £ Z, then ki{z) < K2{z) < ■ ■ ■ < ^^(z). 

(d) The eigenvalues of ip acting on -DcryslVz) are distinct and are 

(e) For any non-negative integer C, let Zc be the set 

{z € Z, \Kiiz) - Kj{z)\ > C, V/, J C {1, . . . , d}, 1/| = I J| > 0, / / J}, 
where kj = Yliei Then Zc accumulates at any z £ Z for all C . 

(f) For each 1 < i < (i, there exists a continuous character Xi '■ ~^ whose derivative 
at 1 is the map and whose evaluation at any z G Z is the elevation to the Kj(z)-th power. 

For any z € .Z^, we equip Vz with the refinement determined by the ordering 

of the (/^-eigenvalues. We equip Djjg(T4) with the associated triangulation. We say that z is 
noncritical if the associated refinement of Vz is noncritical. We set ai,r]i and Aj as in §0.3. 

Remark 5.2.4. If Vx is a refined family of rank d, then for each 1 < i < d, the i-th wedge product 
A^Vx is a weakly refined family with F = Oi, the Hodge- Tate weights {kj = Ylj&i where / goes 
through all the subsets of (1, . . . , d) with cardinality i, the smallest Hodge-Tate weight ki + • • • + 
and the same Zariski closed subset Z. Hence (A*Vx)(??i) is a weakly refined family with Hodge-Tate 
weights {k/ — and F = ai] thus its smallest Hodge-Tate weights is 0. 

Applying Theorem 15.1.41 to (A*yx)(r/j), and twisting back, we get the following: 
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Proposition 5.2.5. For each I < i < d, the sheaf (^j!ig(A*Vx))^' is a coherent sheaf on X. 
Definition 5.2.6. We call x € X saturated for Vx if it satisfies the following two conditions: 

(1) for 1 < i < d, the coherent sheaf {^ligi^^Vx))'^^ is locally free of rank 1 around x; 

(2) for 1 < i < d, the image of (i^j!ig(A*Vx))^* in A*(Djjg(T4)) generates a rank 1 saturated 
[if, r)-submodule. 

We denote by Xg the subset of saturated points of X. 

For each 1 < i < d, let TQiiT) be the Sen's polynomial for (A*Vx)(^i)) ^^t Pi{k) = 
0^=0 Q{~j) ^'^y k >\. It is clear that Qd{T) = 1. The following proposition follows immedi- 
ately from Proposition 15.1.81 

Proposition 5.2.7. For any x ^ X, let ki = max{[vp{ai{x))], 0} + 1 for I < i < d — I. If 

(Piiki) • • • Pd-i{kd-i)){x) ^ 0, (5.2.7.1) 
then xeXs and dimfc(^)(A^(D|:ig(K,.)))'^"^''^ = 1 for each l<i<d. 

Proposition 5.2.8. For any x ^ X and 1 < i < d, z/dim^(^.-)(Djjg((A*Kc)'^'^))^'^^'' = 1? the coherent 
sheaf (^j!ig(A*yx))^' is locally free of rank 1 around x, and the natural map 

{4.^{a'Vx))^^ k{x) ^ (A^Djig(F,.))^'^"^ 

is an isomorphism. 

Proof. Let denote the weakly refined family (A*Vx)(7?i). By assumption and Proposition 15 . 1 . 10\ 
we get that M'^ is locally free of rank 1 around x, and the natural map 

is an isomorphism. We then conclude by twisting i]^^, □ 

Proposition 5.2.9. // z is regular and noncritical, then z E Xs- Furthermore, the image of 
the sequence {^l-^^iVx))^^ , ■ ■ ■ , {^l\^{f\'^Vx))^'^ forms a chain in T!i\-^J^Vz) such that its associated 
filtration is the triangulation associated to the refinement o/Djjg(T4)- 

Proof. The regularity of z imphes that that for any I < i < d, (Dli^dAWzY^))^^^'^'' has k{z)- 

dimension 1. By Proposition 15.2.81 we see that (^j!jg(A*Vx))^* is locally free of rank 1 around z, 
and the natural map 

(^ig(AVx))^' k{z) ^ (A*Djig(y,))^«(^) 

is an isomorphism. On the other hand, since z is noncritical, we see that rui (as in Lemma 
[5X2]) belongs to {A''Dl-g{Vz))^'^^\ The regularity of z implies that the image of {&l^{A^Vx))'^' in 
A*dJ- (Vz) is the A;(z)-vector space generated by rrij. This yields the proposition. □ 
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Theorem 5.2.10. The subset of saturated points Xg is scheme-theoretically dense in X and con- 
tains all regular noncritical points. Furthermore, the triangulation locus for Vx^ with respect to 

is Xs itself. As a consequence, the coherent sheaves {S)y^{Vx))^\ ■ ■ ■ , {^lig{/\'^Vx))^'' give rise to 
a triangulation of ^^^^^{Vx) with parameters (Aj/Ai_i)i<j<(i on any affinoid subdomain of Xg. 

Proof. It is clear that Xg is the intersection of the subsets of saturated points of the weakly refined 
families (A*Vx)(?7j) for all 1 < i < d. We therefore deduce the first assertion from Propositions 
I5.1.7l and l5.2.91 By Proposition 15.2.91 for any regular noncritical z (z Z, the image of the sequence 
of coherent sheaves (^j'ig(Vx))^S . . . , {^^igi'^'^Vx))'^'' forms a chain in ^l[g{Vz). Since the set of 
regular noncritical points is Zariski dense in X, we conclude the second assertion from Theorem 

Km □ 

Remark 5.2.11. Note that a refined 2-dimensional crystalline representation with different Frobe- 
nius eigenvalues is regular. Thus Theorem 15.2. lUI removes the assumptions that Vx is irreducible 
and Fi{x)/Fx{x) G in [H Theorem 2]. 

5.3 Trianguline 

The goal of this subsection is to prove the following theorem. 

Theorem 5.3.1. For any x (z X , the p-adic representation Vx is trianguline. 

Proof. Let M{S) be an affinoid neighborhood of x. Let fc be a positive integer so that k > 
logp|ari| on M{S) for any 1 < i < d. Note that both of (D'^l^ (A'Vs) / {t'')) / (D'^f^ (A'Vs) / {t'')f 
and (D^^+(AV5)/(t^))^ are torsion free S'-modules. By Lemma EXIH let ir : X' M{S) be a 
proper birational map with X' reduced so that the strict transformations of ^^^^s) / (t^))^ ^-nd 

(D'^i^{A'Vs)/{t''))/{Bll^{A'Vs)/{t'')f by tt are locally free for ah 1 < i < d. By Lemma EXH 
for each 1 < z < d, we have that the coherent sheaf {A^{S!^^^{Vx')))^' is locally free of rank 1 and 
the natural map 

(^ig(AVxO)^' ® k{x) ^ A^Djig(14) 
is injective. This implies that {^^^^{A^Vx'))'^^ generates a rank 1 saturated 7^(Qp[l/t]-submodule in 
A»Djig(K.)[lA]- 

Pick any s > siVs) such that s is not equal to rn for any n. Let r = p{s). Then t is invertible 
in and the natural map Dj^g jjjl/f] 7^^^'■' is injective. Now let M{S') be an affinoid 

subdomain of X', and let D^gf^ be the base change of ^^-^^CVx') to TZ^^f'^; hence it is a vector 

bundle over TZ^gf\ We claim that the sequence (^tg(Vx'))^S • • • > i^rigi'^'^^X'))'^'' forms a chain 

in Dx'^^ for any x G M{S'). In fact, suppose that vr is an isomorphism on a scheme-theoretically 
dense subset U of X' . By Theorem 15.2.101 after shrinking U , we may further suppose that vr(C/) 
is contained in the saturated locus of M{S). It therefore follows from Theorem 15.2.101 that the 
sequence {^l^{Vx'))^\ ■ ■ ■ , (^rig(A'^Vx'))^'' forms a chain in Z?!!''''"' for any x G C/ n M{S'). Since 
U n M(S') is Zariski dense in M(S'), we conclude the claim from Lemma 14.2.51 

The claim and Lemma KT^ then implies that the sequence (^tg(Vx'))'^S • • • > i^rigi^'^^x'))'^'^ 
forms a chain in 0^-^(14) [1/t] for any x G M{S'), yielding that Vx is trianguline. □ 
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5.4 The eigencurve 

Fix a positive integer which is prime to p, a finite set S of places of Q containing the infinite 
place and the prime divisor of pN. Let y be a two dimensional vector space over a finite field 
of characteristic p equipped with a continuous, odd action of Gq^s- Let Ry be the universal 
deformation ring of the pseudo representation associated to V. Let Y be the rigid analytic space 
associated to Ry[l/p]. By the works of Coleman-Mazur [8] and Buzzard [7j, we have the eigencurve 
C CY X Gm whose Cp-valued points correspond bijectively to cuspidal eigenforms of tame level A'", 
which are of finite slope, and whose residue Galois representation have the same semi-simplification 
as V. Let T : Gq^s C'(C) be the pseudo representation induced from the universal pseudo 
representation Gq^s Ry 

Let C be the normalization of C. By [HI 5.1.2,5.2], there exists a locally free coherent O^-module 
of rank 2 equipped with a continuous O^-linear GQ^s'-action whose associated pseudo representation 
is isomorphic to the pullback of T; let be its restriction on Gq^. Let a G 0{C)^ and k G 0{C) be 
the pullbacks of the C/p-eigenvalue and weight function respectively. Coleman's classicality theorem 
then implies that is a family of weakly refined p-adic representations with F = a, ki = 0, K2 = 
K — 1 and Z being the set of all classical points z £ C such that the crystalline Frobenius eigenvalues 
of Vz are distinct. 

Proposition 5.4.1. The coherent sheaf {^lig{V^))'^^'^'^^^ is invertible. Furthermore, its image in 
D|^jg(V^) is nonzero for any x € C. In particular, we have that Vx is trianguline for any x ^ C. 

Proof. Let M{S) be an admissible affinoid subdomain of C. Let khea positive integer satisfying k > 
logp \a-^\ in S. It follows that the map (Dlig{Vs)y=°'^=^ (^tiP i^s) / {t^)f is an isomorphism. 
Note that {^^{f^iys) I ^^Yf is 5-torsion free. Since C is a normal curve, we get that ^^^^s) I {f^yf 
is a locally free S'-module. Furthermore, by Proposition 15.1.71 we know that it is locally free of 
rank 1 on a Zariski open dense subset of M(5). Hence (D+f (F^)/!*''))^ is locally free of rank 
1 on M{S\ yielding the first statement of the theorem. For the second statement, note that 
{P%^{ys)l{t^))l^%^^s)l{t^)f is also 5-torsion free; hence it is locally free on M{S). This 
implies that for any x G M{S), the natural map (PdiP i^s) / {t''))^ (g) k{x) D+f is 
injective. It follows that the natural map (J^li^iYs))'^^^'^^^ ® k{x) Djjg(14) is injective. □ 

Proposition 5.4.2. Let z G Z . Then z is saturated if and only if it is noncritical. Furthermore, 
if z is critical, suppose that Vz = Vi(BV2 where Vi and V2 olt^ characters with Hodge-Tate weights 
and k{z) respectively, then the image of (^tg(Vj))'^="'^=^ in 0^^(14) = D|;.g(Fi) 0^.^(1/2) is 

{0,k{z) • ^'^(^^62) where 62 is a canonical basis o/Djjg(V2). 

Proof. Note that z is always regular since Vz of dimension 2. Thus if z is noncritical, then z 
is saturated by Proposition 15.2.91 Now suppose that z is critical; then Vp{a{z)) = k — 1. By 
Proposition 15.2.8} we know that the natural map 

is an isomorphism. A short computation shows that (Dj;g(V^))'^^"(^-'''"^^ = {0,k{z) ■ t'^^^^e2). □ 

Now let A^ = 1, and let V be absolutely irreducible. Then Ry is isomorphic to the universal 
deformation ring of V. Let Vc denote the restriction on Gq^ of the pullback of the universal 
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representation on Ry to C. Let a € 0{C)^ and k G 0{C) be the C/p-eigenvalue and weight 
function respectively. Then Vc is a family of weakly refined p-adic representations with F = a, 
Ki = 0, K2 = K — 1 and Z being the set of all classical points z such that the crystalline Frobenius 
eigenvalues of Vz are distinct. 

Theorem 5.4.3. The coherent sheaf {!^li^{Vc))'^^'^'^^^ is locally free of rank 1 around any z E Z. 
For any z ^ Z , it is saturated if and only if it is noncritical. Furthermore, if z is critical, then the 
image o/ (^Jjg(Vc))'^^°'^^^ in Djjg(14) is the same as described in Proposition \5.4-^ 

Proof. Since z is regular, {^lj^g{Vc))^^"''^^^ is locally free of rank 1 around z by Proposition 15.2.81 
We then proceed as in the proof of the above Proposition. □ 
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